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In this paper, we compare published studies about optimization models for multi-
objective one-dimensional cutting problems. Although all of the models address
multiple objectives, they implement these goals in di�erent ways. Some focus pri-
marily on minimizing the amount of waste while setting limits on reusable bars
returned to stock, whereas others combine these criteria with additional factors,
such as the number of a�ected bars and the number of cuts. First, we provide a
brief overview of these mathematical models, including one developed and pub-
lished by the authors earlier, as well as three others from the existing literature
that pursue objectives very similar to ours. In addition to comparing the models
based on the included objectives such as the number of cuts, the amount of waste,
and the number of reusable bars, our goal was also to analyse the computational
requirements and limitations of the models in case of large-scale problems.
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1. Introduction

The one-dimensional cutting stock problem (1DCSP) involves a set of available one-dimensional
stock items (referred to as bars) in order to serve smaller required pieces (referred as orders) in
speci�ed lengths and quantities.
In today’s competitive industrial environment the optimization problems related to cutting raw
materials are of critical importance for companies. Cutting stock problems have numerous ap-
plication areas in industrial sectors, such as construction and civil engineering [1], steel indus-
try [2], woodworking [3] and many other �elds, where e�cient solutions have a direct impact
on production costs and the amount of waste generated. More recently, [4] combined building
information modelling (BIM) with a multi-objective cutting-pattern optimization to reduce rebar
cutting waste in construction projects, again balancing several practical objectives within a single
pipeline. Researchers have moved beyond the classical single-objective CSP model, which focuses
solely on waste minimization, and now focus on more complex multi-objective variants that more
accurately re
ect real industrial environments. In practice, multi-objective one-dimensional cut-
ting optimization models may aim to achieve several objectives simultaneously, including:

� minimizing the number of required cuts,
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� reducing the amount of waste produced,
� minimizing the number of stock bars involved.

The following research directions have received particular attention:

� Integrated models: Several studies, such as [5], focus on integrating the lot-sizing and
cutting stock problems. These kinds of studies investigate how production quantities and
cutting patterns can be optimized simultaneously, with the aim of minimizing setup costs
and inventory levels.

� Side constraints: There is a growing number of models that incorporate additional
practical considerations. Model of [6] implements cutting setups and open stacks, which
are critical in the paper and tube manufacturing industries for improving production
e�ciency and reducing logistical challenges.

� Usable leftovers: The handling of reusable remainders, which is also a central concern of
MACROPT-1D, has recently been revisited in the literature. Senergues et al. [7] published
an updated and comprehensive review of the cutting stock problem with usable leftovers
(CSPUL), extending the earlier survey of Cherri et al. [8] with more than �fty studies
published after 2008; unlike our comparative simulation study, however, this work remains
a literature synthesis and does not provide a numerical, model-to-model comparison.

Ma et al. [9] extended the usable-leftover concept to a two-dimensional, multi-objective
steel-cutting problem minimizing waste area, order overrun, and slitter adjustments. As
the problem is two-dimensional and thus structurally di�erent from the models compared
here, it is solved with an iterated local search heuristic rather than an exact MILP solver.

� New algorithmic approaches: Due to the computational complexity of the CSP,
new heuristics and metaheuristics are continuously being developed. Recent studies also
demonstrate the increasing adoption of arti�cial intelligence{based methods, such as [10]
and tree-based heuristics [11], which aim to signi�cantly reduce computational time while
maintaining solution quality. Similarly, [12] proposed a column-generation-based local
branching matheuristic for a multi-period cutting stock problem with due dates and se-
tups, in which the objective combines tardiness, earliness, and setup costs; their results
con�rm that as additional objectives and side constraints are introduced, exact solution
approaches|such as the four MILP models compared in this paper|face rapidly increas-
ing computational demands, which is consistent with the runtime behavior we report in
Section 3.6.

1.1. Contributions of this study

The aim of this study is to analyze and compare our previously published Multiobjective,
Adjustable Cost and Recycling parametric OPTimization model for 1Dimensional cutting stock
problems (MACROPT-1D) [13] with three other theoretical models proposed in the literature:
the two mixed-integer linear programming formulations of Abuabara and Morabito (A&Mv1 and
A&Mv2) [14], and the multi-objective model of Trkman and Gradi�sar (T&G) [15]. The com-
parison considers not only the objectives of the models, such as cost or waste reduction, but
also implementation aspects, practical applicability, and computational performance, including
runtime behavior. Although several multi-objective formulations of the one-dimensional cutting
stock problem exist, including the models discussed above, they are typically validated either on
small illustrative examples or evaluated only with respect to their own native objective function.
As a result, it remains unclear how these models behave on criteria that are not part of their
own objective, for instance, the number of cuts produced by a waste-only model, or the number
of stock bars a�ected by a cost-minimizing model. This gap motivates the speci�c contributions
of the present study, which can be summarized as follows.

� We conduct a large-scale simulation study comprising 900 randomly generated instances,
structured into nine scenario groups along two independent dimensions (stock level and
order volume), in contrast to the small numerical examples typically used to validate such
models in the literature.
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� We cross-evaluate all four models with respect to �ve criteria simultaneously: the num-
ber of cuts, the amount of waste, the number of a�ected bars, the total cost, and the
runtime, regardless of which of these criteria is part of a model’s own objective, in order
to reveal trade-o�s that may remain hidden when a model is assessed only against its
native objective function.

� We investigate whether the parametric 
exibility of MACROPT-1D, which allows the
relative importance of cutting cost, waste, and the number of bars used to be tuned
through three independent coe�cients, without altering the model structure, translates
into a measurable advantage over models with a �xed or more restrictive objective, such
as A&Mv1, A&Mv2, and T&G.

� We examine the theoretical correctness of the compared formulations, with particular
attention to the logical relationship between the binary indicator variables governing bar
usage and the return of remainders to stock in the A&Mv2 model.

2. Theoretical background of selected 1DCS models

In this section we provide a brief overview of the models that were implemented, analyzed, and
compared in Python. The models presented in this study are based on the papers reviewed
in the survey [8], complemented by our MACROPT-1D model published in [13]. In [8], the
authors highlight and discuss the following one-dimensional cutting stock models: two versions
of a waste minimization model proposed by Abuabara and Morabito [14] and the multi-objective
model of Trkman and Gradi�sar [15], which incorporates not only the amount of waste but also the
cost associated with returning reusable-length bars to inventory within the objective function.
These models were selected for comparison and analysis. In the following section, we provide an
overview of the models, beginning with the general notation in table 1.

Table 1. Notation.

Input data
Symbol Description
B1; B2; : : : ; Bm Bars available in stock.
O1; O2; : : : ; On Orders, that should be served.
bl1; bl2; : : : ; blm Length of the bars in stock.
ol1; ol2; : : : ; oln Requested length of the orders.
W Waste limit, below which a remaining part is considered waste.
cC Cost of a cut.
wP Penalty associated with the generated waste, expressed on a per-unit basis.
rC Recycling cost, i.e. the cost of returning a part back to stock.
Variables, technological constants
Symbol Description
x ij Elements of an n � m binary matrix assigning orders to stock bars.
Rl1; Rl2; : : : ; Rlm Residual length of a stock bar after cutting.
W l1; W l2; : : : ; W lm Waste length of a stock bar after cutting.
Y U1; Y U2; : : : ; Y Um Binary variable indicating whether a bar is involved.
Y R1; Y R2; : : : ; Y Rm Binary variable indicating whether a stock bar has a remainder.
Y RC1; Y RC2; : : : ; Y RCm Binary variable indicating whether the remainder of a stock bar is reusable.
Y RT1; Y RT2; : : : ; Y RTm Binary variable indicating whether the remainder returns to stock.
M Large enough constant.
� Small enough constant.

2.1. MACROPT-1D

We developed a multi-objective mixed-integer linear programming (MILP) model for
one-dimensional cutting stock problem. The model minimizes a linear combination of the num-
ber of cuts, weighted by the cut cost coe�cient (cC), the resulting waste, weighted by the waste
coe�cient (wP ) and the number of stock bars used to ful�ll the orders. The model includes con-
straints that set remainder lengths (Rl j ) and the binary indicator variables (W l j ; Y Uj ) according
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to the waste length limit and utilization of stock bars j = 1; 2; : : : ; m. In this section we give a
brief overview of the model, for detailed explanation see [13].

min cC �
mX

j=1

� nX

i=1

(x ij ) � 1 + Y R j

�

+ wP �
mX

j=1

W l j

+
mX

j=1

Y Uj

(1)

st.

nX

i=1

x ij oli + Rl j = bl j j = 1; 2; : : : ; m (2)

mX

j=1

x ij = 1 i = 1; 2; : : : ; n (3)

Y Rj �
Rlj
blj

j = 1; 2; : : : ; m (4)

Rl j � W l j � M � Y RC j j = 1; 2; : : : ; m (5)
W � Rl j � M � (1 � Y RC j ) j = 1; 2; : : : ; m (6)

Y Uj � 1 �
Rl j

blj
j = 1; 2; : : : ; m: (7)

Objective function (1) combines three goals: minimizing the cutting cost, the waste penalty and
the number of stock bars used. Constraint (2) ensures that the length of each stock bar is equal
to the total length of the orders assigned to it plus the length of the remainder. Equation (3)
guarantees a unique assignment of every order to a stock bar. (4) sets the appropriate value
of the binary variables Y Rj , while the subsequent pair of constraints provides an if-then logical
formulation that equates the waste length to the remainder length whenever it is below the waste
limit. Finally, (7) sets the value of the binary variables Y Uj depending on their usage.

2.2. 1st version model of Abuabara and Morabito

The next model is a mixed integer linear programming model from Abuabara and Morabito, [14]
(A&Mv1). This single objective model was developed for solving the cutting stock problem
arising in the processing of metal structural tubes with the minimization of the waste. We give
a short overview of the model, for more detailed explanation see [14].

min
mX

j=1

W l j (8)

nX

i=1

x ij oli + Rl j = bl j j = 1; 2; : : : ; m (9)

mX

j=1

x ij = 1 i = 1; 2; : : : ; n (10)
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Y Uj �
nX

i=1

x ij j = 1; 2; : : : ; m (11)

M � Y Uj �
nX

i=1

x ij j = 1; 2; : : : ; m (12)

Rl j � W � �M � (1 � Y RC j ) + � j = 1; 2; : : : ; m (13)
Rl j � W � M � Y RC j j = 1; 2; : : : ; m (14)

W l j � M � (1 � Y RC j ) � 0 j = 1; 2; : : : ; m (15)
W l j � M � Y U j � 0 j = 1; 2; : : : ; m (16)

�Rl j + W l j � 0 j = 1; 2; : : : ; m (17)
Rl j � W l j + M � (1 � Y RC j ) + M � Y U j � 2M j = 1; 2; : : : ; m (18)

�Y U j + Y RT j � 0 j = 1; 2; : : : ; m (19)
(1 � Y RC j ) + Y RT j � 1 j = 1; 2; : : : ; m (20)

Y Uj � (1 � Y RC j ) � Y RT j � 0 j = 1; 2; : : : ; m (21)
mX

j=1

Y RTj � 1 (22)

Objective (8) minimizes the total waste generated during the cutting process. Constraint (9),
and (10) relate to the total length and order-to-bar assignments, analogous to (2) and (3). In
Abuabara’s 1st version model, the values of the binary variables Y Uj , which represent bar usage,
are determined by constraints (11) and (12), while the variables Y RCj are set by (13) and (14)
using the waste limit W . Following constraints (15) and (16) ensure that if the remainder is
reusable (i.e. Y RCj = 1) then no waste is generated on bar j (i.e. W lj = 0), and vice versa.
This requirement is extended with (17), which guarantees that the length of the waste cannot be
larger than the length of the remainder. Next one is a compound logical relationship that ensures
the coordinated assignment of values to the corresponding variables. The constraint (18) restricts
the values of the remainder and waste variables only if the given stock bar is used (Y Uj = 1) and
not reusable (Y RCj = 0). In this case, the entire remainder must be considered as waste. (19)
states that a remainder can be returned to stock (Y RTj ) if the corresponding bar has actually
been used (Y Uj = 1), while (20) ensures that a non reusable remainder (Y RCj = 0) cannot be
returned to stock (Y RTj = 0). Finally, the last two constraints (21) and (22) formulate a special
requirement of the real life application, they operate such that if multiple remainders of reusable
length are generated, the model allows only one of them to be actually returned to stock. In all
other cases, the variable Y RCj is forced to zero. This is achieved by modifying the cutting plan
so that the corresponding remainder lengths do not reach the reusability threshold.

2.3. 2nd version model of Abuabara and Morabito

The authors of [14] simpli�ed the previous model and corrected some infeasibility issues in the
second version. We now provide a brief overview of this revised model (A&Mv2). Detailed
explanation can be found in the mentioned paper.

min
mX

j=1

W l j (23)

nX

i=1

x ij oli � bl j j = 1; 2; : : : ; m (24)

mX

j=1

x ij = 1 i = 1; 2; : : : ; n (25)
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W � Y RTj � bl j � Y Uj �
nX

i=1

x ij oli j = 1; 2; : : : ; m (26)

W l j + Y RT j � M � bl j � Y Uj �
nX

i=1

x ij oli j = 1; 2; : : : ; m (27)

mX

j=1

Y RTj � 1 (28)

Besides the conditions identical to those of the �rst version, constraint (26) establishes a rela-
tionship between the remainder length on a given bar and its return to stock. Furthermore,
constraint (27) ensures that any unused material is classi�ed either as waste or as a su�ciently
long remainder returned to inventory.

2.4. Multi-objective model of Trkman and Gradisar

Finally, we selected a model very similar to ours, which incorporates a linear combination of
multiple goals in its objective [15]. In this section we give a brief overview of the Trkman model
(T&G), for more details see the mentioned paper.

min
mX

j=1

W l j � wP + Y RT j � rC (29)

nX

i=1

x ij oli + Rl j = bl j � Y Uj j = 1; 2; : : : ; m (30)

mX

j=1

x ij = 1 i = 1; 2; : : : ; n (31)

W � Rl j + W � (Y RT j � 1) � 0 j = 1; 2; : : : ; m (32)
Rl j � W l j � (Y RT j + (1 � Y U j )) � max

k
fbl kg � 0 j = 1; 2; : : : ; m (33)

Constraints (30) and (31) are about the length balance and order-to-bar assignment analogous
to those in the previous models. (32) ensures that the remainder is returned to stock if and only
if its length exceeds the waste limit W . Constraint (33) manages the two possible states of a
remainder, namely, being returned to stock or being treated entirely as waste.

3. Computational tests and comparison

3.1. Experimental Design and Computational Environment

The models were implemented in the Python programming language and solved by GUROBI
solver. For the purposes of the simulation experiments, the test instances were categorized based
on the level of the stock and volume of the orders into the groups presented in Table 2. For each
scenario (LIL-LOV, : : : , HIL-HOV), 100 randomly generated problem instances were created,
each comprising the number and dimensions of stock bars as well as the orders.
Although �xed priority coe�cients were employed for the di�erent objectives (number of cuts,
amount of waste, and number of stock bars used), the results were also analyzed separately
according to each objective. The corresponding input parameters were as follows:

� Cost of cuts was �xed to 400, i.e. cC = 400.
� Penalty associated with the waste, on a per unit basis was �xed to 100, i.e. wP = 100.
� Recycling cost was 200, i.e. rC = 200.
� We used a waste limit �xed to 45, i.e. W = 45.

In the graphs, plots, and �gures, the models are identi�ed using the following colors and abbre-
viations:
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Table 2. Scenario groups.

Low Inventory Level Medium Inventory Level High Inventory Level
(LIL) (MIL) (HIL)

5 < m � 80 80 < m � 100 100 < m � 150
Low Order Volume

(LOV)
5 < n � 10

LIL - LOV MIL - LOV HIL - LOV

Medium Order Volume
(MOV)

10 < n � 20
LIL - MOV MIL - MOV HIL - MOV

High Order Volume
(HOV)

20 < n � 30
LIL - HOV MIL - HOV HIL - HOV

� Multi-objective, adjustable cost and recycling parametric optimization model [13] - MACROPT-
1D, is highlighted by blue.

� First version of the mixed integer linear programming model of Abuabara and Morabito
[14], (A&Mv1) is highlighted by orange.

� For the second version of the mixed integer linear programming model of Abuabara and
Morabito [14], (A&Mv2) we use red.

� The multi-objective model of Trkman and Gradisar (T&G) is labelled by green.
Experiments were conducted on a Toshiba Satellite C50-A-1JV PC with Intel Pentium N3520 4
core CPU (2.16 GHz), and 4 GB DDR3 RAM.

3.2. Comparison of the number of cuts

In this section, we compare the number of cuts as a performance metric. Although the objective
functions of the models di�er, it is essential to evaluate the optimal solutions with respect to this
common criterion, namely the number of cuts, irrespective of the associated cost coe�cient.
Figure 1 presents box plots of the number of cuts, grouped by stock level across three di�erent
scenarios (LIL, MIL, and HIL).

Figure 1. Comparison of the number of cuts in the optimal solutions across models

The objective functions of models A&Mv1 and A&Mv2 focus on waste minimization and do not
explicitly account for the number of cuts; therefore, it is expected that these models perform the
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worst with respect to this criterion. In contrast, the MACROPT-1D and T&G models employ
similar multi-objective formulations, in which identical cost coe�cients were applied. The results
shown in the �gures indicate that MACROPT-1D o�ers better cutting plans in terms of the
number of cuts, and consequently, in cutting costs as well.

3.3. Comparison of the generated waste

In this section, we focus exclusively on the amount of waste generated. This objective is common
to all four models. The objective functions of the A&Mv1 and A&Mv2 models are solely devoted
to waste minimization, whereas the MACROPT-1D and T&G models include waste minimization
in combination with other objectives.
Figure 2 shows the boxplots of generated waste in the three mentioned category, from low to
high stock level.
The �rst observation we highlight, is that cutting tasks generate less waste when a larger inventory
is available. This outcome is logically expected and is consistently con�rmed by the simulation
results. This is unsurprising, as a greater stock variety provides increased 
exibility in matching
orders to stock lengths, thereby enabling more e�cient material utilization.
A more unexpected result, however, is that although the A&Mv1 and A&Mv2 models exclusively
aim at waste minimization, they nevertheless produce cutting plans associated with the highest
amounts of waste compared to the other two models (MACROPT-1D and T&G). This behavior
is presumably attributable to the constraint limiting the number of stock bars returned to the
inventory. This restriction is intended to prevent the accumulation of a large variety of stock
bars with di�erent lengths, which may be di�cult to track and could increase administrative
complexity.

Figure 2. Comparison of the waste generated in the optimal solutions across models

3.4. Comparison of the a�ected bars

If the objective is waste minimization itself, the most straightforward approach would be to
generate cutting patterns in which the residual length just exceeds the reusability threshold W .
In this case, the leftover is not classi�ed as waste but is returned to inventory. While this strategy
is mathematically optimal, it is not necessarily desirable from a business perspective, as it may
lead to inventory explosion and excessive heterogeneity.
For this reason, the A&Mv1 and A&Mv2 models attempt to restrict the generation of recycled
stock by enforcing constraints (22) and (28), thereby limiting the number of reusable leftovers.
From a managerial standpoint, this consideration can be highly relevant; however, it also entails
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the generation of a larger amount of residual material classi�ed as waste, as discussed in the
previous section.
In this section, we therefore examine the results from the perspective of inventory heterogeneity
by comparing the models in terms of the number of stock bars a�ected (used) during the cutting
process.
Figure 3 clearly shows that, in order to achieve exceptionally low levels of waste, the MACROPT-
1D and T&G models require the involvement of a larger number of stock bars.

Figure 3. Comparison of the bars a�ected across models

3.5. Comparison of total cost

Using the cost coe�cients introduced in Section 3.1, we compare the total cost of the cutting
problems, which includes the cost of cuts, penalties for waste, and the impact on stock bars.
Since each model focuses on a di�erent objective, the total cost calculated using these general
random cost coe�cients may yield a di�erent ranking. Therefore, this comparison is provided
here solely to complete the analysis and should not be considered a de�nitive basis for model
evaluation.
Figure 4 contains the boxplots of total cost in the three stock levels.

3.6. Comparison of runtime

An exponential function of the form T (x) = a � e bx was �tted to the measured runtimes, and
the resulting approximations are shown in Figure 5. For all models, an exponentially increasing
trend is observed with respect to the number of orders. The three scenarios illustrate how
inventory levels a�ect the rate of this increase. In general, it can be stated that beyond a certain
critical number of orders, the runtimes of the models diverge, with A&Mv1 exhibiting the highest
computational demand and the T&G model being the least resource-intensive.

4. Theoretical inaccuracy of the A&Mv2 model and a necessary correction

In this section we present a theoretical inaccuracy of the A&Mv2 model and propose a correction.
Authors of [14] state that for the A&Mv2 model, Y RT j indicates if the slackness Rlj of a used
object j is a leftover, i.e., if Rl j � W (Y RT j = 1)

Y RTj =
�

1 if bar j was used AND the leftover Rl j � W
0 if the bar was not used OR the leftover Rlj < W

9
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Figure 4. Comparison of total cost across models

Figure 5. Comparison of runtime

Let us suppose we have an optimal solution in which all bars except j0 were not returned to the
stock, i.e.

mX

j=1jj6=j 0

Y RTj = 0

and moreover, none of the orders was assigned to the bar j0.
nX

i=1

x ij 0 = 0:

Denote the optimal value of the other variables by
W l � = (W l �

1; W l �2; : : : ; W l �m ),
Y U� = (Y U �

1 ; Y U�
2 ; : : : ; Y U�

j 0 �1 ; Y U�
j 0+1 ; : : : ; Y U�

m ),
Y RT � = (Y RT �

1 ; Y RT �
2 ; : : : ; Y RT �

j 0 �1 ; Y RT �
j 0+1 ; : : : ; Y RT �

m ).
In this case both of the values Y Uj = 0; Y RT j = 0 and Y Uj = 1; Y RT j = 1 are feasible and also
optimal solutions for model (23) - (28)

10
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Case Y Uj 0 = 0; Y RT j 0 = 0

As bar j 0 has no orders assigned to it,
P n

i=1 x ij 0 oli = 0. Constraints (26) and (27), that contain
those variables are satis�ed so

W � 0 � bl j � 0 � 0 � W l �
j 0 + 0 � M:

Case Y Uj 0 = 1; Y RT j 0 = 1

Beside the previous case, values Y Uj 0 = 1; Y RT j 0 = 1 are also possible and satisfy the a�ected
constraints, so

W � 1 � bl j � 1 � 0 � W l �
j 0 + 1 � M:

Because the value of Y Uj 0 and Y RTj 0 do not in
uence the objective value, this means both are
optimal solutions.
This may be misleading information, as the new variable incorrectly indicates that the given bar
is returned to inventory during the operation, even though it was not used at all to ful�ll the
orders. In other words it is possible Y Uj 0 and Y RTj 0 to be 1 even though bar j0 is not used, i.e.
does not have any orders assigned to it

P n
i=1 x ij 0 oli = 0.

An appropriate correction could be the following change of constraint (24) :

nX

i=1

x ij oli + W l j = bl j � Y Uj j = 1; 2; : : : ; m

So, this constraint and the objective (23) together will force variables Y Uj 0 and Y RTj 0 in case
of an unused bar j0 to be 0, correctly.
Instead of changing the constraint (24) another possible way for correction is to introduce the
following two restrictions:

nX

i=1

x ij � Y U j j = 1; 2; : : : ; m

nX

i=1

x ij � Y RT j j = 1; 2; : : : ; m

These constraints force the binary variables Y Uj and Y RTj to be zeros if the bar j has no orders
assigned to it, so it is not used neither returned to stock.

5. Summary

This paper addresses multi-objective one-dimensional cutting stock problems, with the aim of
improving the e�ciency of industrial resource utilization while reducing operational costs and
material waste. The primary objective is the implementation and extensive simulation-based
evaluation of a previously developed multi-objective cutting optimization model and three other
models. MACROPT-1D is compared against three models published in the literature: two
variants of the model introduced by Abuabara and Morabito [14], and the model proposed by
Trkman and Gradisar [15].
All models were implemented in Python using the academic version of Gurobi Optimizer.
With respect to the �rst research objective outlined in Section 1.1, the comparative analysis is
based on both a numerical example and a large-scale simulation study comprising 900 randomly
generated test instances, structured into nine scenario groups along two independent dimensions:
three inventory levels (low, medium, high) and three order-size scenarios.
Regarding the second objective, model performance was cross-evaluated with respect to �ve cri-
teria simultaneously: the number of cuts generated, the amount of waste produced, the number
of stock bars used, total cost (including cutting and waste penalties), and computational run-
time, irrespective of which of these criteria forms part of a model’s own native objective. This
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cross-evaluation revealed trade-o�s that would have remained hidden under a single-criterion
assessment. Most notably, the waste-only models of Abuabara and Morabito [14] were found to
generate more waste, on average, than the multi-objective MACROPT-1D and T&G models, a
consequence of the side constraint limiting the number of recycled remainders, which is intended
to prevent inventory explosion but inadvertently penalizes waste minimization itself.
Concerning the third objective, the results show that the proposed multi-objective model
MACROPT-1D, which simultaneously minimizes the number of cuts, waste, and the number
of used stock bars, achieves superior performance in reducing the number of cuts and total cost,
and in many cases also outperforms waste-focused models in waste minimization. This improved
performance comes at the expense of increased raw material usage, as the proposed model tends
to utilize a larger number of stock bars. In terms of computational e�ciency, the T&G model
proved to be the fastest, while the proposed model exhibited moderate running times.
Finally, with respect to the fourth objective, the theoretical correctness analysis identi�ed an
inconsistency in the A&Mv2 model. Simulation results revealed that in approximately 1.33% of
the cases, the model may incorrectly classify a stock bar as both used and returned to inventory,
despite no order being assigned to it. To address this issue, two additional linear constraints or
an appropriate change of the original length balance constraint are proposed, restoring logical
consistency and yielding correct results in subsequent tests.

5.1. Future research directions

The �ndings of this study suggest several promising directions for future work. First, the compar-
ison presented here relies on a �xed set of cost coe�cients and a single, weighted-sum scalarization
of the competing objectives; an explicit Pareto-based analysis, using scalarization techniques such
as the "-constraint or Chebyshev methods, would allow the trade-o�s between the number of cuts,
waste, and the number of a�ected bars to be characterized more comprehensively than a single
linear combination of weights permits.
Second, the runtime analysis in Section 3.6 indicates that all four exact MILP formulations face
rapidly increasing computational demands as the number of orders grows; extending MACROPT-
1D with a matheuristic or heuristic solution approach, in the spirit of recent column-generation-
and local-branching-based methods for related cutting stock variants [12], could substantially
improve scalability to industrial-size instances without sacri�cing the model’s multi-objective
structure. Third, the present model and its competitors are formulated for a single planning
period with deterministic order lengths and quantities; incorporating multiple planning periods
or demand uncertainty, following recent developments in the broader cutting stock literature [7],
would bring the model closer to real industrial practice, where orders typically arrive over time
and are subject to variability. Fourth, extending the present one-dimensional framework to a
two-dimensional setting, analogous to recent multi-objective formulations for sheet and plate
cutting [9], would broaden the applicability of the proposed adjustable, parametric objective
beyond bar-cutting industries.
Finally, validating MACROPT-1D on real industrial datasets, following the practice of recent
applied studies, such as BIM-based rebar cutting optimization in construction [4], rather than
relying solely on randomly generated instances, would provide further evidence of its practical
applicability and help quantify the managerial trade-o� between waste reduction and inventory
heterogeneity observed in this study.
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The study uses the Upadhyaya transform to �nd exact solutions of three physical
models which include the Atwood machine the Beer{Lambert law and electron mo-
tion in electromagnetic �elds. The proposed framework demonstrates how exact
analytical solutions derived via the Upadhyaya transform can be utilized as physi-
cally consistent priors, constraints, and validation references within learning-based
models, thereby enhancing interpretability, numerical stability, and reproducibility
while reducing dependence on large empirical datasets. The research presents an
application-oriented method which connects integral transform theory with con-
temporary machine learning techniques to simulate and study complex physical
and chemical systems.

Keywords: Upadhyaya transforms, inverse Upadhyaya transform, machine learn-
ing, chemical sciences, physical sciences
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1. Introduction

Scientists use Integral Transforms together with Machine Learning as their fundamental method
to solve problems in Chemical and Physical Sciences which allows them to make substantial
progress in their scienti�c work through their ability to analyze data and create models and
make predictions. The mathematical �eld of integral transforms which includes Fourier trans-
forms and Laplace transforms and Wavelet transforms enables scientists to study complex sig-
nals and solve di�erential equations and discover important characteristics in high-dimensional
datasets. Scientists use these tools to study chemical and physical phenomena which operate
through continuous dynamic systems that scientists represent with time and frequency domain
data and spectroscopic signals and quantum mechanical wave functions and molecular dynamics.
Machine learning can recognize patterns and make predictions and create model optimizations
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when handling large datasets which contain noise and incomplete information. The research team
uses integral transforms together with ML to convert scienti�c data into new formats which im-
prove ML model performance and result in more precise predictions and better data compression
and understanding of physical and chemical processes.

Mousa [1] used the Upadhyaya Transform to �nd solutions for �rst-kind Volterra integral equa-
tions. Patil [2] studied integral transforms which include Laplace and Shehu transforms to solve
Chemical Sciences problems. Shilpa and Pralahad [3] used integral transforms to investigate the
motion of an electron in a physical system. Dinesh and Emad [4] used the Upadhyaya Transform
to create precise solutions for cardiovascular models. Dinesh et al. [5] used the Upadhyaya Trans-
form to solve chemical reaction models because it helped them to understand complex di�erential
equations. Prabakaran et al. [6] created a hybrid system that uses both di�erential equations
and machine learning to forecast chemical process behaviour. Prabakaran et al. [7] developed a
method to solve fractional di�erential equations by combining the Ramadan Group Transform
with machine learning methods. Jafari et al. [8] used the Anuj transform to solve Abel's integral
equation in classical mechanics.

Recent studies show that exact solutions and traveling wave solutions serve as essential tools
for studying how nonlinear di�erential equations behave in both physical and engineering appli-
cations. Mahmud [12] conducted research on major traveling wave solutions of the generalized
Hietarinta-type equation whereas he showed that analytical methods enable precise identi�cation
of complicated nonlinear wave patterns. The study demonstrates that closed-form solutions en-
able the discovery of fundamental properties which include stability testing and wave propagation
analysis that numerical methods fail to provide. Mahmud, Tanriverdi, and Muhamad [13] derived
exact traveling wave solutions for the (2 + 1)-dimensional Konopelchenko{Dubrovsky equation
using hyperbolic trigonometric function methods. This study demonstrates how symbolic and
analytical solution methods create e�ective solutions for nonlinear systems that operate in higher
dimensions which are commonly found in 
uid dynamics and plasma physics and their associ-
ated disciplines. The research results show that analytical methods which use transform-based
techniques to solve complex di�erential equations remain important today. The researchers of
the study found inspiration from contemporary trends to create a new study that combines clas-
sical analytical solution methods with the Upadhyaya transform and modern computational and
learning-based methods. The proposed framework extends traditional approaches which seek
to �nd precise solutions by integrating analytically obtained information into their algorithmic
processes which uni�es scienti�c mathematical modeling with machine-based data intelligence
methods.

The study presents original research through the creation of a novel interdisciplinary computa-
tional paradigm which combines Upadhyaya transform processing with contemporary machine
learning techniques to study and forecast and enhance intricate physical and chemical systems.
The authors present the �rst research which shows how Upadhaya-transformed analytical so-
lutions can be integrated into physics-informed neural networks and synthetic data generation
pipelines and hybrid learning systems. Researchers apply integral transforms to classical stud-
ies which include recent research on the Upadhyaya transform for solving di�erential and in-
tegral equations through closed-form solutions which stop at the analytical phase of research.
The present work establishes the Upadhyaya transform as a computational link which connects
mathematical physics with data-driven intelligence systems. The transformed solutions which
researchers developed for mechanical systems (Atwood machine) and optical systems (Lambert{
Beer law) and electromagnetic systems (electron motion) serve as analytical results which re-
searchers use to build structured priors and physics-based constraints and informative feature
representations in machine learning work
ows.

The key contributions of this manuscript can be summarized as follows. The research establishes
a complete transform-machine learning system which uses Upadhyaya-transformed solutions as
ground-truth references to validate physics-based learning systems while decreasing the need for
extensive empirical data. The research demonstrates Upadhyaya-based analytical formulas to
create synthetic data which provides well-de�ned training material for supervised and hybrid
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learning systems used in spectroscopy and imaging and particle dynamics. The research shows
that transform-domain parameters can be understood as physical features which scientists can use
to solve regression and forecasting and anomaly detection problems. The work provides its main
value through new methods which it develops for actual implementation. The manuscript con-
nects integral transform theory with modern machine learning methods to show how traditional
analytical methods can be used to improve the accuracy and understanding and dependability
of intelligent systems that model complex systems. The interdisciplinary approach enables re-
searchers to use Upadhyaya transform methods in di�erent �elds while creating new research
paths which connect applied mathematics with physics and chemistry and arti�cial intelligence.

2. Preliminaries

The de�nitions and properties outlined below will be crucial for our forthcoming analysis [1,3].

2.1. De�nition (Upadhyaya Transform)

Upadhyaya transform for the function F (t) is mathematically de�ned as:

UfF (t)g = � 1

Z 1

0
exp (�� 2t) F (� 3t) dt = u (� 1; � 2; � 3) ; (� 1; � 2; � 3) > 0; t � 0: (1)

The representation of the inverse Upadhyaya transform is as follows:

F (t) = U �1 [u (� 1; � 2; � 3)] ; t � 0: (2)

The de�nition states that u(� 1; � 2; � 3) represents the value of Upadhyaya Transform which oper-
ates on the function F (t) with the speci�ed parameters. The U-domain transformation produces
a new form of F (t) which shows how the three scaling parameters interact with each other. Using
this notation scientists can easily handle the transform through their research process while they
build machine learning systems. The parameters �1, � 2, and � 3 exist as positive real constants
which govern the process of amplitude scaling and exponential decay and argument transforma-
tion. The parameters enable di�erent function representations while they enable the transform
to adapt for analytical modeling and computational integration. The Upadhyaya Transform
shows better 
exibility through its scaling parameters when compared to traditional integral
transforms which include the Laplace transform. The system shows nonlinear behavior through
its dual-parametric structure which enables its linkage to data-driven models while operating
within complex pharmacokinetic systems through nonlinear and multi-compartment approaches.
In situations where analytical solutions need to work together with machine learning methods
this type of 
exibility becomes extremely valuable.

2.2. Linearity property

Let F1(t) and F 2(t) be two functions with Upadhyaya Transforms u 1(� 1; � 2; � 3) and u2(� 1; � 2; � 3),
respectively, and let b1; b2 be constants.
Then the linearity property of the Upadhyaya Transform is:

U
h
b1F1(t) + b 2F2(t); � 1; � 2; � 3

i
= b1U

h
F1(t); � 1; � 2; � 3

i
+ b2U

h
F2(t); � 1; � 2; � 3

i

= b1u1(� 1; � 2; � 3) + b 2u2(� 1; � 2; � 3):

2.3. Convolution property

If the Upadhyaya Transforms of the functions F1(t) and F 2(t) are u1(� 1; � 2; � 3) and u2(� 1; � 2; � 3),
respectively, then the convolution property is given by:

U
h
F1(t) � F 2(t); � 1; � 2; � 3

i
=

� 3

� 1
u1(� 1; � 2; � 3) u2(� 1; � 2; � 3);

where the convolution F1(t) � F 2(t) is de�ned as:
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(F1 � F 2)(t) =
Z t

0
F1(t � x)F 2(x) dx =

Z t

0
F1(x)F 2(t � x) dx:

2.4. Transforms of some elementary functions

The Upadhyaya Transforms of basic functions are given by:

U[1] =
� 1

� 2
; U[eat ] =

� 1

� 2 � a� 3
; U[tm ] =

m! � 1 � m
3

� m+1
2

; m 2 N;

U[sin(bt)] =
b� 1� 3

� 2
2 + b2� 2

3
; U[cos(bt)] =

� 1� 2

� 2
2 + b2� 2

3
;

U[sinh(bt)] =
b� 1� 3

� 2
2 � b 2� 2

3
; U[cosh(bt)] =

� 1� 2

� 2
2 � b 2� 2

3
:

2.5. Upadhyaya transform of derivatives

If U[F (t)] = u (� 1; � 2; � 3) then from

U
�
F 0(t); � 1; � 2; � 3

�
=

�
� 2

� 3

�
U [F (t); � 1; � 2; � 3] �

� 1

� 3
F(0);

U
�
F 00(t); � 1; � 2; � 3

�
=

�
� 2

� 3

� 2

U [F (t); � 1; � 2; � 3] �
� 1� 2

� 2
3

F(0) �
� 1

� 3
F 0(0);

U [F n (t); � 1; � 2; � 3] =
�

� 2

� 3

�
[F (t); � 1; � 2; � 3] �

� 1� n�1
2

� n
3

F(0) �
� 1� n�2

2

� n�1
3

F 0(0)

�
� 1� n�3

2

� n�2
3

F 00(0) � : : : : �
� 1

� 3
F n�1 (0):

2.6. Comparative discussion with classical integral transforms

Integral transforms such as the Laplace, Fourier, Shehu, Sumudu, and Aboodh transforms have
been extensively employed to solve di�erential equations which emerge in physical science and
engineering science �elds [2,6,7]. The three transforms provide di�erent bene�ts because of their
unique problem-solving capabilities which depend on the problem type and solution requirements
and measurement domains. The authors of this subsection conduct a comparative analysis to
explain why they choose to use the Upadhyaya transform in their research work. The Laplace
transform enables e�cient analysis of linear time-invariant systems together with initial value
problems which operate on semi-in�nite boundary conditions. The system's single-parameter
design restricts users who need to work with rescaled inputs or who want to use complete solutions
in 
exible learning models. The Fourier transform provides optimal performance for frequency-
based analysis and signal processing tasks yet its application becomes impractical when dealing
with initial conditions in time-based learning systems which need solutions across in�nite domains
or periodic cycles.
The Sumudu and Aboodh transforms were developed to solve two major problems which occur
with the Laplace transform because it fails to keep the original function dimensionality intact
and makes inverse calculations more di�cult. The transforms work e�ectively for special types of
problems but they depend on �xed kernel designs which restrict their ability to adapt to di�erent
parameter settings. Their hybrid analytical{computational work
ows use �xed transform meth-
ods because they need more adaptable systems for their work. The Shehu transform extends the
Laplace transform through new scaling methods which help apply the transform to additional
types of di�erential equations. After selecting parameters for its system design users must accept
�xed settings which prevents them from using analytical solutions as machine learning model
elements.
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The Upadhyaya transform uses its multiple parameter system which lets users separately con-
trol three elements. The system provides operational 
exibility which lets multiple transform
types execute their functions under one operational system. The Upadhyaya transform deriv-
ative properties show initial conditions through their design which bene�ts physics-informed
learning models that require both initial and boundary conditions for their main functions. The
Upadhyaya transform enables researchers to create reusable closed-form solutions which they can
implement in their computational systems. The presence of tunable parameters allows analyti-
cal expressions to be adapted for synthetic data generation, feature engineering, and constraint
enforcement in learning-based models. The Upadhyaya transform demonstrates its suitability
for hybrid analytical{machine learning integration through its implementation in this research
study. The Upadhyaya transform provides scientists with better 
exibility and parameteriza-
tion capabilities than classical transforms which include Laplace, Fourier, Shehu, Sumudu, and
Aboodh. The Upadhyaya transform serves as a 
exible tool which researchers can integrate into
their hybrid analytical systems for studying complex systems through learning-based modeling.

3. Atwood machine

In 1784, George Atwood, a tutor at Trinity College, Cambridge, introduced a classic demonstra-
tion for determining the acceleration due to gravity g, which remains widely used today. The
traditional Newtonian approach to this problem involves applying F = ma to the two masses
and eliminating the tension T . To simplify the analysis, the rotational inertia of the pulley is
neglected. Alternatively, the Lagrangian formulation [9,10] involves constructing the Lagrangian
function and deriving the corresponding equation of motion.

U = �m 1gx � m 2g(l � x)
T = 1

2 (m1 + m 2) _x2; L = 1
2 (m1 + m 2) _x2 + m 1gx + m 2g(l � x)

dL
dx = (m 1 � m 2) g; dL

d� = (m 1 + m 2) _x:

Using Lagrange equation, we have

d
dt

�
@L
@ _x

�
�

@L
@x

= 0

) •x =
�

m1 � m 2

m1 + m 2

�
g:

Applying the Upadhyaya transform to both sides:
�

� 2

� 3

� 2

u (� 1; � 2; � 3) �
� 1� 2

� 2
3

_x(0) �
� 1

� 3
x(0) =

�
m1 � m 2

m1 + m 2

�
gU[1]

�
� 2

� 3

� 2

u (� 1; � 2; � 3) �
� 1� 2

� 2
3

x(0) �
� 1

� 3
_x(0) =

�
m1 � m 2

m1 + m 2

�
g

� 1

� 2

u (� 1; � 2; � 3) =
�

m1 � m 2

m1 + m 2

�
g

� 1� 2
3

� 3
2

+
� 1

� 2
x(0) +

� 1� 3

� 2
2

x(0):

Applying the Inverse Upadhyaya transform to both sides, we get

x(t) =
1
2

�
m1 � m 2

m1 + m 2

�
gt2 + x(0) + t _x(0):

The Atwood machine motion equation derivation through classical Newtonian and Lagrangian
mechanics leads to its Upadhyaya transform which enables direct application in physics-informed
neural networks and hybrid learning systems. The analytical expression which results from this
process functions as a basic truth constraint that maintains physical accuracy during learning in
environments with limited data and background noise.
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3.1. Lambert-Beer law

When a beam of monochromatic light passes through a homogeneous absorbing medium, the rate
of decrease in light intensity with respect to the thickness of the medium is directly proportional
to the intensity of the light [2,11].

dI
dx

= ��I(x):

Where:

� I = intensity of light at depth x,
� � = linear absorption coe�cient (a constant for the medium),
� x = distance (thickness) the light has traveled in the medium.

Applying the Upadhyaya transform to both sides:

U
�

dI
dx

�
= ��U[I(x)]

� 1

� 3
u (� 1; � 2; � 3) �

� 1

� 3
I(0) = ��u (� 1; � 2; � 3)

� 1

� 3
u (� 1; � 2; � 3) + �u (� 1; � 2; � 3) =

� 1

� 3
I(0)

�
� 1

� 3
+ �

�
u (� 1; � 2; � 3) =

� 1

� 3
I(0)

u (� 1; � 2; � 3) =
� 1

� 1 + �� 3
I(0):

Applying the Inverse Upadhyaya transform to both sides, we get

I(x) = I(0)e ��x :

The Beer-Lambert law can be solved through both the analytical method of separation of vari-
ables and its transform-based representation which serves as a better tool for creating synthetic
data and developing machine learning features. The Upadhyaya-transformed solution enables
researchers to precisely control their simulation of optical attenuation processes which they can
use to develop and assess learning models for spectroscopy and biomedical imaging and material
characterization.

3.2. Examine the motion of an electron

Take into account the motion of an electron as given by the following equations [3]

m
d2x
dt2 + eh

dy
dt

= eE (1)

m
d2y
dt2 � eh

dx
dt

= 0 (2)

Let us consider the conditions

x(0) = 0; _x(0) = 0; y(0) = 0; _y(0) = 0

Applying the Upadhyaya Transform and the derivative property of the Upadhyaya Transform to
both sides of equation (1), we get

mU
�

d2x
dt2

�
+ ehU

�
dy
dt

�
= U[eE]

m

( �
� 2

� 3

� 2

U[x(t)] �
� 1� 2

� 2
3

x(0) �
� 1

� 3
_x(0)

)

+ eh
��

� 2

� 3

�
U[y(t)] �

� 1

� 3
y(0)

�
=

eE� 1

� 2
(3)

6



Y. Parthiban et al., TCMIS, Volume 4, July 2026, Article 10023

Equation (3) can be expressed as follows by using the initial conditions:

m
�

� 2

� 3

� 2

U[x(t)] + eh
�

� 2

� 3

�
U[y(t)] =

eE� 1

� 2
(4)

Performing the Upadhyaya transform bilaterally to equation (2) and using the derivative property
of Upadhyaya, we get

mU
�

d2y
dt2

�
� ehU

�
dx
dt

�
= 0

m

( �
� 2

� 3

� 2

U[y(t)] �
� 1� 2

� 2
3

y(0) �
� 1

� 3
_y(0)

)

� eh
��

� 2

� 3

�
U[x(t)] �

� 1

� 3
x(0)

�
= 0 (5)

Equation (5) can be expressed as follows by using the initial conditions:

m
�

� 2

� 3

� 2

U[y(t)] � eh
�

� 2

� 3

�
U[x(t)] = 0: (6)

Now Solving Equations (4) and (6), we get

U[x(t)] =
eE� 1

� 2

� 2
3m

�
m2� 2

2 + e2h2� 2
3

�

U[x(t)] =
eE
m

� 1� 2
3

� 2
�
� 2

2 + ! 2� 2
3

�

where ! =
eh
m

U[x(t)] =
eE

m! 2

"
� 1

� 2
�

� 1� 2�
� 2

2 + ! 2� 2
3

�

#

: (7)

After applying bilaterally the inverse Upadhyaya transform to equation (7), we obtain x(t) =
eE

m! 2 [1 � cos!t]

x(t) =
eE

m
�

e2h2

m2

� [1 � cos !t]

x(t) =
E

h
� eh

m

� [1 � cos !t]

x(t) =
E
h!

[1 � cos !t] (8)

Similarly, we can calculate the value of y(t), as illustrated below.

U[y(t)] = e2 Eh
m 2

� 1 � 3
3

( � 2
2+! 2 � 2

3) � 2
2

U[y(t)] =
E
h!

�
!� 1� 3

� 2
2

�
!� 1� 3

� 2
2 + ! 2� 2

3

�
(9)

After applying bilaterally the inverse Upadhyaya transform to equation (9), we obtain

y(t) =
E
h!

[!t � sin !t]:

The Upadhyaya transform delivers an organized framework which scientists can reuse for devel-
oping learning-based simulations that study charged particle movement while classical methods
provide precise results about electron cyclotron motion. The transformed solutions enable ef-
�cient incorporation of electromagnetic constraints into reinforcement learning and predictive
models for quantum and semiconductor systems.
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4. Methodology

This section presents the complete methodological framework which the current research study
implemented. The proposed methodology shows how analytical modeling based on the Upad-
hyaya transform integrates with current learning-based computational methods. The primary
goal involves creating a systematic process which scientists can repeat to establish physical con-
nections between classical integral transform methods and machine learning systems that use
physics-informed learning models. The methodology uses analytical methods and clear algo-
rithm design and complete testing methods instead of conducting direct experimental tests.

4.1. Analytical modeling using the Upadhyaya transform

The �rst stage of the methodology requires scientists to create ordinary or partial di�erential
equations which describe the physical or chemical systems under study. The equations emerge
from fundamental physical laws which include Newtonian mechanics and electromagnetic the-
ory and conservation principles. The governing equations undergo transformation through the
Upadhyaya transform which changes di�erential operators into algebraic expressions that ex-
ist within the transform domain. The transformation process allows researchers to analyze the
system through simpler methods which lead them to �nd direct solutions or semi-analytical re-
sults. The inverse Upadhyaya transform recovers complete time-domain solutions after algebraic
changes take place in the transform domain. The solutions maintain mathematical validity be-
cause they follow the original governing equations and meet the initial and boundary conditions
which were established. The analytical expressions created from this process provide accurate
physical reference models which will guide all future computational work.

4.2. Transform-based data construction and parameter sampling

The system uses analytical solutions to develop transformation-consistent datasets according to
speci�c time and space requirements. The system will operate in a realistic manner because we
selected parameter values from their actual physical limit boundaries. The data construction
process enables researchers to sample system behavior while maintaining full compliance with
all physical laws that govern the system. The transformation system generates data that ful�ll
di�erent requirements. The �rst function provides precise reference data which eliminates all
noise for testing learning-based systems. The second function enables researchers to investigate
how systems behave when di�erent parameters are changed. The third function develops a
reference dataset which will be expanded in the future to include actual experimental errors and
data collection inaccuracies when the required real data becomes accessible.

4.3. Integration with learning-based computational models

The analytical knowledge derived through the Upadhyaya transform is integrated into learning-
based models to ensure physical consistency and interpretability. The system uses physics-
informed neural networks to learn approximate system responses which include the governing
di�erential equations as part of the learning procedure. The framework uses neural networks for
prediction because its designers want to create transparent systems that depend on physical laws
and analytical solutions for their initial and boundary conditions. The learning model will main-
tain its complete integrity to fundamental physical principles during the training process. The
learning model has improved stability because its hypothesis space became smaller which also
enhanced its ability to generalize while decreasing its need for data. Scienti�c and engineering
�elds bene�t from learning that uses physics to guide its development.

4.4. Algorithmic work
ow of the proposed framework

The study employs a complete computational work
ow which moves through its established sys-
tem of steps. The process begins with the development of the system's governing di�erential
equation through physical law establishment. The Upadhyaya transform is then applied to ob-
tain an analytical or semi-analytical solution. The solution generates datasets which match the
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requirements of the transform across two speci�c areas and di�erent parameter conditions. The
learning model development process starts with physical constraint de�nition and uses analyti-
cal solutions to build its model and constraint system. The learning model needs optimization
through training objectives which create a balance between physics implementation and data
accuracy. The learned outputs undergo assessment through comparison with the analytical ref-
erence solution which uses quantitative error measures for evaluation. The algorithmic work
ow
establishes a methodical process which begins with analytical modeling and ends with learning-
based approximation while maintaining precise methodological documentation throughout the
entire process.

4.5. Quantitative evaluation and validation strategy

The validation and performance evaluation is the end stage of the methodology. The paper com-
pares the learning-based predictions with the solutions of a form of analysis that the Upadhyaya
transform generates. The three quantitative measures used in the study are root mean squared
error and relative norm error and pointwise absolute deviation to determine the accuracy of
approximation and the convergence behavior, and numerical stability. The evaluation strategy
allows evaluation of the performance of learning based on objective assessment approaches that
do not presuppose access to experimental data. The testing process should be able to test learn-
ing models using the performance test that veri�es the models with known analytical systems
prior to the applications being made in real complex systems that lack analytical solutions. The
suggested methodology creates an entire system that unites academic knowledge with practice
by connecting the integral transform theory to the machine learning technology. The framework
is a blend of mathematical accuracy and algorithm design to produce scienti�cally precise models
and can be easily decoded and reduced to complex systems that occur in physical and chemical
studies.

5. Applications

The Upadhyaya transform furnishes a powerful tool to tackle complicated Ordinary Di�erential
Equation (ODE)s and Partial Di�erential Equation (PDE)s in Physics. Beyond analytical solu-
tions, the transform also serves as a basis for many machine learning applications in particular
within physics-informed modeling, synthetic data generation, and hybrid computational intel-
ligence. This section explores how transformed physical systems such as the Atwood machine,
Lambert-Beer law, and electron motion can be introduced into modern computational work
ows
employing machine learning.

5.1. Justi�cation for the selection of classical benchmark systems

The study considers three physical systems which include the Atwood machine and the Beer-
Lambert law and the electron motion in electromagnetic �elds as classical models whose governing
equations can be solved through standard ordinary di�erential equation methods. The authors
of this document choose to include these systems because they want to establish a systematic
approach that will guide their analysis work. The selected systems function as benchmark test
problems which will show how the Upadhyaya transform can be used together with contemporary
machine learning systems. The existence of established closed-form solutions for these models
serves as a vital benchmark which researchers need to use when they test transform-based solu-
tions and learning-based model predictions. Physically informed machine learning systems and
hybrid machine learning systems depend on analytically solvable systems because such systems
enable researchers to test physical accuracy and educational performance and learning algorithm
error limits. The Upadhyaya transform serves as a computational link between analytical physics
and data-driven intelligence because it enables researchers to start their work with traditional
models.
The use of classical systems provides machine learning systems with essential interpretability
bene�ts which serve as vital requirements for their successful implementation. The Upadhyaya
transform generates transformed expressions which maintain the physical interpretation of system
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parameters and initial conditions that learning systems use as constraints and priors and feature
representations. This characteristic enables organizations to decrease model uncertainty while
enhancing their generalization abilities and stopping over�tting which presents di�culties for sys-
tems based solely on data. The classical examples which we use in our research work will serve to
show how transform-based analytical knowledge can be used in computational intelligence work-

ows, rather than they will be used to validate existing analytical solutions. The benchmarking
method which we developed establishes an initial system which scientists can use to test more
advanced non-linear systems and experimental systems which lack classical analytical solutions.

5.2. Integration with PINNs

Physics-Informed Neural Networks impose physical laws in terms of di�erential equations on
neural networks by including these laws within the loss function. The Upadhyaya-transformed
equation for the motion of the Atwood machine, i.e.,

x(t) =
1
2

�
m1 � m 2

m1 + m 2

�
gt2 + x(0) + t 2 _x(0)

is considered an ideal ground-truth reference to constrain the network behavior to obey Newtonian
dynamics during training. Physics is embedded in the PINNs, so the neural networks learn
from data separate from other types of machine learning and thus improve the accuracy and
generalizability of modeling absent data. Simulating mechanical systems for autonomous robotics
where the agents must learn dynamics are satis�ed.

5.3. Algorithmic framework and quantitative assessment of the learning integration

The present research does not conduct extensive machine learning tests that use real-world
data however it demonstrates the Upadhyaya transform integration with learning-based sys-
tems through a complete system that includes both its algorithm and assessment methods. The
purpose of this section is to establish a complete framework which includes all computational el-
ements and training methods together with testing procedures that enable scientists to duplicate
their research �ndings through scienti�c validation. The research focuses on incorporating phys-
ical knowledge into learning processes which enables models to maintain their interpretability
and stability while adhering to established scienti�c principles.

5.3.1. Transform-guided learning architecture

The dataset D = f(t i ; x i )gN
i=1 contains data points which researchers collected through synthetic

methods or controlled experiments, using x(t) to represent system state variables. The governing
di�erential equation describing the underlying physical or chemical process is �rst solved ana-
lytically using the Upadhyaya transform, which produces a closed-form reference solution xUTt.
The analytical expression functions as a fundamental element within the learning framework
because it establishes a physics-based prior which directs the model to maintain acceptable phys-
ical behavior during its training process. A neural network N� (t), which uses � as its parameter
set, predicts system behavior across the entire de�ned range of time. The proposed framework
distinguishes itself from data-driven neural models because it integrates physical consistency into
its machine learning objectives. The project uses a composite loss function which creates a bal-
ance between two components, data �delity and physics enforcement and constraint satisfaction,
which it expresses through the equation

L(�) = L data + � pL physics + � i L IC :

The term L data measures how much network predictions deviate from actual data, whereas Lphysics
uses residual minimization to punish any breaches of the governing di�erential equation. The term
L IC enforces initial or boundary conditions which result directly from the Upadhyaya-transformed
analytical solution. The weighting parameters � p and � i control how physical constraints a�ect
the system, while also providing researchers with the ability to adjust the learning process.
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5.3.2. Computational work
ow and training strategy

The initial step of the proposed transform{machine learning integration work
ow begins with an
analytical solution which Upadhyaya transform uses to solve governing equations. The researchers
proceed to create synthetic training data which covers all relevant physical parameter values and
initial condition ranges. The data serves as controlled input to train the neural network while
maintaining physical behavior established through existing knowledge. The training process
uses gradient-based optimization methods to reduce total loss metric which requires both data
matching and physical laws to be followed. The validation process involves comparing the learned
solution with the analytical reference solution which allows direct measurement of approximation
accuracy and stability throughout the entire domain. The work
ow uses machine learning as
a constrained approximation tool which prevents its operation as a black-box predictor. The
framework achieves better understanding of results and decreased chances of over�tting because
it uses analytically derived physical solutions to guide learning processes.

5.3.3. Quantitative error metrics and evaluation criteria

The Upadhyaya-transformed solution provides fundamental analytical ground truth which re-
searchers use to assess learning outcomes through quantitative performance measurements. The
network-predicted response is represented by xML (t) while x UT (t) serves as the analytical solu-
tion. Performance is assessed through standard metrics such as the root mean squared error and
relative L 2 error which are de�ned through the following equations.

RMSE =

vu
u
t 1

N

NX

i=1

(x ML (t i ) � x UT (t i ))
2; Relative L2 Error =

kxML � x UT k2

kxUT k2
:

The measures provide objective indicators which evaluate approximation accuracy while assessing
numerical stability and convergence behavior and they enable researchers to compare analytical
solutions with their learning-based approximations.

5.3.4. Computational behavior and interpretability

Transform-guided learning models are expected to demonstrate faster convergence and improved
generalization to performance better than their unconstrained neural network counterparts. The
application of Upadhyaya-based analytical constraints, which control the learning model's hy-
pothesis space, functions as a physics-based regularization method that restricts solutions to
valid options. The described ability proves especially useful when researchers face situations that
involve limited experimental access to reliable data. The learning model achieves accurate system
dynamic replication from synthetic datasets which researchers generated through their analyti-
cal solutions. The framework requires validation against exact analytical benchmarks before its
application to real-world systems which lack closed-form solutions.

5.4. Explicit PINN framework, dataset construction, and evaluation protocol

This study establishes its machine learning implementation through this section which provides a
complete description of its physics-informed neural network framework together with its dataset
development process and training method and performance assessment and comparison pro-
cedures. The research study presents all necessary elements for achieving reproducible results
although it does not conduct complete numerical training experiments. The proposed integration
method in this formulation achieves both methodological and quantitative evaluation through its
scienti�c machine learning standards which the manuscript maintains.

5.4.1. PINN Model Architecture

The Upadhyaya transform provides the method to solve the di�erential equation which describes
system response through the function x(t). A physics-informed neural network N� (t) is employed
to approximate the unknown solution over the temporal domain of interest, where � represents
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the trainable weights and biases of a fully connected feedforward architecture. The network takes
the independent variable t as input and outputs an approximation of the dependent state variable
x(t). The PINN architecture di�ers from traditional neural networks because it uses automatic
di�erentiation to calculate temporal derivatives of N � (t) with machine precision. The network
uses these derivatives to train itself through the governing di�erential equation because it requires
the network to obey physical laws during the training process. This architecture ensures that
the learned solution satis�es both data-driven objectives and physics-based constraints, thereby
preventing physically implausible predictions and enhancing interpretability of the learned model.

5.4.2. Synthetic Dataset Generation

Synthetic datasets are created through analytical solutions which emerge from the Upadhyaya
transform that establishes full physical precision while removing all measurement errors. The
system dynamics across the entire domain are represented through collocation points which are
selected either by random sampling methods or by uniform distribution. The analytical solution
values xUTt which were calculated at these speci�c locations create the reference dataset for
supervised learning and validation purposes. The synthetic data generation method achieves two
main objectives. The �rst objective establishes a testing framework which allows the learning
model to be evaluated against complete ground truth data. The second objective provides a basic
dataset creation procedure which allows future implementation of noisy or incomplete scienti�c
data and enables smooth progression from analytical testing to practical application.

5.4.3. Training objective and loss function

The training process of the PINN is governed by a composite loss function that simultaneously
enforces data �delity, physical consistency, and constraint satisfaction. The loss function is
constructed according to the equation

L = L data + � physL phys + � IC L IC ;

the loss function consists of three components which the equation de�nes. The function Ldata
calculates the di�erence between network outputs and reference analytical data while Lphys im-
poses penalties on physical law violations through residual minimization and LIC enforces initial
or boundary conditions derived from the Upadhyaya-transformed solution. The optimization
process uses weighting parameters �phys and � IC to determine how physical constraints impact
the optimization results. The model needs parameter adjustments because it requires exact pa-
rameter values that create proper estimation results and physical correctness which enables un-
interrupted training progress while preventing any single objective from gaining complete power
over the process.

5.4.4. Performance evaluation and error analysis

The study assesses PINN model performance through a comparison between its output predic-
tions and the analytical ground truth data. The researchers use three standard error metrics
which include root mean squared error (RMSE) and relative L2 norm error and pointwise abso-
lute error to measure approximation accuracy throughout the entire time period. The metrics
o�er objective assessments which measure both convergence performance and stability of nu-
merical methods and accuracy of predictions. The analysis of convergence behavior depends
on two factors which include tracking error size and observing how di�erent loss components
diminish throughout the training process. The analysis shows how physics-based regularization
works while demonstrating how the Upadhyaya transform helps achieve faster learning and better
learning stability under conditions of limited data or high noise levels.

5.4.5. Comparison protocol

This study needs to compare the PINN system with an unconstrained neural network which per-
forms training through data loss assessment because this comparison shows how physics-informed
restrictions a�ect system performance. The analysis investigates how Upadhyaya-based physical

12



Y. Parthiban et al., TCMIS, Volume 4, July 2026, Article 10023

knowledge impacts the learning process. The transform-guided learning strategy enables bet-
ter conversion rates and generalization performance while maintaining system operation during
periods of restricted data access. The comparison protocol creates a straightforward baseline mea-
surement system which helps investigators determine how well the proposed integration method
works. The system provides researchers with a systematic framework which they can use to
study complex systems because the framework requires testing through methods that exceed
conventional analytical capabilities.

5.5. Synthetic data generation for spectroscopy and optical imaging

Upadhyaya enunciated a variation of the Lambert-Beer law

I(x) = I 0e��x :

In this expression, the monochromatic light is attenuated by passing through a homogeneous
medium. Such an equation would help in generating synthetic datasets mimicking real-world
situations useful for biomedical imaging, remote sensing, or material analysis. Figure 1 depicts
cases of light intensity decaying across di�erent distances.

Figure 1. Simulation of light intensity decay using the Lambert-Beer law under Upad-
hyaya transformation. The data can be used to train supervised models in optical material
classi�cation or thickness estimation

Such synthetic datasets produced from physical laws like Lambert-Beer law and other modeled
interactions can be used e�ectively to train machine learning systems for an array of advanced
applications. Such systems, �rst, allow the predictive modeling of absorption coe�cients into
unknown materials or samples from observed data. This is valuable in chemical analysis and
spectrophotometry, as one may not be able to perform experimental measurements on each new
sample because it may be very lengthy or simply impractical. Furthermore, the machine-trained
classi�ers on these datasets can help separate and classify materials based on their changes
in optical characteristics like light absorption or transmission. This will make the automated
system faster in terms of quality control, material identi�cation, and optical sensing. Finally,
one can develop data-driven models to support non-invasive medical diagnostics for estimation of
biological tissue properties such as oxygenation or chromophore concentration through re
ected or
transmitted light signals. By learning patterns from simulated or empirical datasets, these models
contribute to the advancement of biomedical imaging and personalized healthcare solutions.

5.6. Electron motion modeling in quantum and semiconductor systems

The Upadhyaya transform provides analytical solutions which enable complete description of
electron movement in uniform electric and magnetic �elds. This Section demonstrates that the
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inverse Upadhyaya transform generates displacement components from the coupled equations of
motion which result in the following equations

x(t) =
E
h!

[1 � cos(!t)] ; y(t) =
E
h!

[!t � sin(!t)] ;

where ! = eh
m represents the cyclotron frequency, E denotes the electric �eld strength, h is the

magnetic �eld parameter, e is the electron charge, and m is the electron mass. The transformed-
domain analysis shows that these expressions already exist as solutions which meet both the
di�erential equations and initial conditions. The above parametric representation describes the
characteristic trajectory of a charged particle subjected to electromagnetic interaction. The
solutions show two components which include oscillatory motion and drift because electric ac-
celeration together with magnetic de
ection in
uences electron transport phenomena. Quantum
dots and semiconductor transport systems and charged particle movement in accelerator physics
depend on this dynamic behavior to build their theoretical frameworks.

A representative electron trajectory corresponding to selected parameter values is illustrated in
Figure 2. The plotted path is generated exclusively from the analytically derived expressions,
ensuring full consistency between the theoretical formulation and the graphical representation.

Figure 2. Electron trajectory obtained from the analytically derived Upadhyaya-
transform-based solutions for x(t) and y(t). The trajectory is plotted for representative
parameter values of the electric �eld E, magnetic �eld parameter h, and cyclotron fre-
quency ! = eh

m , illustrating the combined oscillatory and drift motion under uniform
electromagnetic �elds.

The existing analytical models permit their use in current computational intelligence systems
through direct implementation. The electron trajectories developed by researchers function as
simulation foundations for reinforcement learning environments because they require precise sys-
tem behavior to achieve successful policy development. The models serve as training resources for
control systems designed to operate semiconductor and nanoscale technologies which encounter
di�culties in obtaining experimental data because of its high expense and restricted availabil-
ity. The solutions exist in explicit mathematical expressions which researchers can utilize as
foundational knowledge to develop physics-informed systems and generative machine learning
models. The approaches use precise physical behavior to restrict learning processes which results
in better model understanding and wider application capabilities while decreasing the need for
extensive real-world testing data. The Upadhyaya-transform-based electron motion model pro-
vides researchers with a reliable mathematical framework to create theoretical frameworks and
perform data analysis within quantum and semiconductor technologies.
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5.7. Transform-domain feature extraction for machine learning models

The coe�cients and intermediate variables introduced via the Upadhyaya transform, such as
� 1; � 2, and � 3, thus cannot be considered merely mathematical symbols; they actually carry
important physical meaning of the underlying dynamics and constraints in the system under
study. These variables may thus be used as engineered features for a number of machine learning
tasks. With time-series forecasting models, for example, the inclusion of such physically informed
features serves to enhance prediction accuracy because it grounds the learning procedure in
domain knowledge. In physical anomaly detection, more or less, these variables de�ne the baseline
of the normal functioning of the system, which eases the identi�cation of deviations or anomalies
that denote the onset of faults or malfunctions. Besides, in the setting of regression that seeks
to predict the temporal evolution of real-world physical systems, these features prove to be
valuable inputs encapsulating time and structural relations of the system. Thus, harnessing the
interpretability and physical signi�cance of the Upadhyaya transform variables will ultimately
permit building more robust and generalizable machine learning models.
Figure 3 shows an example of a damped oscillatory signal. Such patterns appear in vibrational
systems and decay-based quantum transitions, and their extracted parameters (frequency, damp-
ing rate) can be used as ML features.

Figure 3. Damped oscillatory motion showing exponential decay in amplitude over time.
Common in resistive systems or radiative decay, such curves are valuable for time-series
feature engineering

5.8. Hybrid modeling and model explainability

One of the promising avenues in the area of intelligent systems is the arrangement of hybrid setups,
wherein machine learning components are used to render the complicated or unknown portions
of the system while well-de�ned physical settings are given by the Upadhyaya-transformed equa-
tions. This synergy equips both data- and physics-based approaches with their mutual strengths
in one modeling architecture. An important selling point of such hybrid models is explainability-
an aspect deriving from being based in physics and thereby o�ering a clear and interpretable
structure grounded in known scienti�c principles. Hence, second, such models tend to be more
e�cient regarding data; through physical knowledge embedded into the learning process, one
reduces the need for acquiring vast empirical data for training. The argument supporting hybrid
models shows that they develop better generalization abilities when researchers use out-of-sample
testing in their applications. The physics-based component functions as a regularizer which con-
trols the machine-learning model's solution space to produce results that maintain physical real-
ism. The Upadhyaya transform needs hybrid learning systems to enhance their predictive power
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while improving their trustworthiness and result understanding in all scienti�c disciplines and
engineering applications. The classical exponential decay function represented by Figure 4 can
be modeled through both analytical methods and hybrid ML approaches. Research continues to
explore these modeling techniques across multiple domains which include climate modeling and
intelligent manufacturing systems and advanced robotics control systems. The Upadhyaya trans-
form functions as a standard method to convert di�erential equations into a format which allows
easier solution through analytical methods used in physics. The system generates interpretable
results which maintain physical accuracy thus becoming an e�ective method to transfer domain
expertise to machine learning systems. The �gures presented in this study (Figures 1,2, 3, and 4)
make it clear that these transformed representations of physical phenomena provide structured
and meaningful data useful to learning systems, which can then be applied to interdisciplinary
problems in engineering design, theoretical and applied physics, and material characterization.
By grounding learning algorithms in the underlying physics of the system, such approaches en-
able enhanced generalization, improved model interpretability, and more reliable predictions in
complex real-world environments.

Figure 4. Exponential decay curve illustrating Lambert-Beer behavior or radiative
losses. Such curves are often modeled using hybrid machine learning frameworks where
the analytical shape is preserved

6. Conclusions and future research

The Upadhyaya transform, when combined with machine learning, establishes a systematic ap-
proach that uses scienti�c principles to solve di�cult challenges in physical and chemical research.
The Upadhyaya transform provides exact analytical solutions to di�erential equations which ma-
chine learning uses to create 
exible models that can make predictions and learn from data. The
hybrid models use their combined strengths to connect analytical methods with computational
intelligence. The study uses three physical systems: the Atwood machine and the Beer-Lambert
law and the electron motion under electromagnetic �elds to show how transform-based analytical
solutions enable new applications beyond traditional problem-solving methods. The solutions
provide physically valid prior information, which functions as restrictions and testing criteria
that operators use in learning-based processes. The system achieves better model performance
through the integration process which leads to better understanding and more stable operations
while increasing the ability of models to handle larger tasks.
The research presents no new integral transform or algebraic theorem yet its main achievement
establishes a new function for the Upadhyaya transform. The study creates an application-driven
framework which combines integral transform theory with predictive modeling and arti�cial in-
telligence by incorporating exact transform-based solutions into contemporary machine learning
systems. The paradigm enables learning that maintains physical consistency while needing fewer
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empirical datasets and achieving better model transparency which addresses current scienti�c
computing challenges. The present work establishes a solid base for analytical and algorithmic
development which enables hybrid transform{machine learning system building. The proposed
framework enables complete reproducibility through analytical ground truth which can be used
to evaluate its performance even though the study does not include large-scale numerical ex-
periments or real-world datasets. The upcoming research will conduct comprehensive numerical
testing while adding experimental �ndings and expanding the approach to nonlinear systems,
fractional systems, and high-dimensional systems which will help to validate and broaden the
proposed method's practical uses.
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�G�H�Q�R�W�H�V���W�K�H���N�L�Q�H�P�D�W�L�F���Y�L�V�F�R�V�L�W�\����0�E ���D�Q�G��1�E���U�H�S�U�H�V�H�Q�W���O�L�Q�H�D�U���D�Q�G���Q�R�Q�O�L�Q�H�D�U���W�K�H�U�P�D�O���H�[�S�D�Q�V�L�R�Q���F�R�H�I�I�L�F�L�H�Q�W�V����wT ���D�Q�G��

T�f ���U�H�V�S�H�F�W�L�Y�H�O�\���J�L�Y�H���W�K�H���F�R�Q�V�W�D�Q�W���W�H�P�S�H�U�D�W�X�U�H�V���D�W���W�K�H���S�O�D�W�H���D�Q�G���L�Q���W�K�H���I�U�H�H���V�W�U�H�D�P���Z�L�W�K��wT T�f�! ���� wU ���L�V���V�X�U�I�D�F�H��

�Y�H�O�R�F�L�W�\�����J���L�V���W�K�H���D�F�F�H�O�H�U�D�W�L�R�Q���G�X�H���W�R���J�U�D�Y�L�W�\�����D�Q�G���N����( )pc�U �����P�����D�Q�G���U���D�U�H���W�K�H���W�K�H�U�P�D�O���F�R�Q�G�X�F�W�L�Y�L�W�\�����K�H�D�W���F�D�S�D�F�L�W�\����
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1 RexD D� ���D�U�H�� �W�K�H�� �Y�H�O�R�F�L�W�\�� �V�O�L�S�� �D�Q�G�� �W�K�H�U�P�D�O�� �V�O�L�S��

�I�D�F�W�R�U�V���Z�L�W�K���/���D�Q�G���' ���E�H�L�Q�J���W�K�H���L�Q�L�W�L�D�O���Y�D�O�X�H�V���R�I��1L ���D�Q�G��1D ���K�D�Y�L�Q�J���G�L�P�H�Q�V�L�R�Q���R�I���O�H�Q�J�W�K�����D�Q�G��Rex wU x �X� ���J�L�Y�H�V��

�W�K�H���O�R�F�D�O���5�H�\�Q�R�O�G�V���Q�X�P�E�H�U�����7�K�H���S�K�\�V�L�F�D�O���O�D�\�R�X�W���R�I���W�K�H���S�U�R�E�O�H�P���E�H�L�Q�J���L�Q�Y�H�V�W�L�J�D�W�H�G���L�V���G�H�S�L�F�W�H�G���L�Q���)�L�J�X�U�H������ 

 
�)�L�J�X�U�H���������3�K�\�V�L�F�D�O���G�L�D�J�U�D�P���R�I���F�R�Q�V�L�G�H�U�H�G���S�U�R�E�O�H�P�� 

 

�7�K�H���D�G�R�S�W�H�G���K�H�D�W���J�H�Q�H�U�D�W�L�R�Q���D�E�V�R�U�S�W�L�R�Q���P�R�G�H�O���U�H�S�U�H�V�H�Q�W�V���D���Q�R�Q���X�Q�L�I�R�U�P���L�Q�W�H�U�Q�D�O���K�H�D�W���V�R�X�U�F�H���V�L�Q�N���Z�K�R�V�H���V�W�U�H�Q�J�W�K��
�G�H�S�H�Q�G�V���R�Q���E�R�W�K���W�K�H���O�R�F�D�O���I�O�X�L�G���W�H�P�S�H�U�D�W�X�U�H���D�Q�G���W�K�H���V�S�D�W�L�D�O���O�R�F�D�W�L�R�Q���Z�L�W�K�L�Q���W�K�H���E�R�X�Q�G�D�U�\���O�D�\�H�U�����,�W���L�V���P�R�U�H���U�H�D�O�L�V�W�L�F��
�W�K�D�Q���W�K�H���F�R�Q�Y�H�Q�W�L�R�Q�D�O���X�Q�L�I�R�U�P���K�H�D�W���V�R�X�U�F�H���V�L�Q�N���P�R�G�H�O���E�H�F�D�X�V�H�����L�Q���P�D�Q�\���S�U�D�F�W�L�F�D�O���W�K�H�U�P�D�O���V�\�V�W�H�P�V�����K�H�D�W���L�V���Q�H�L�W�K�H�U��
�J�H�Q�H�U�D�W�H�G���Q�R�U���D�E�V�R�U�E�H�G���X�Q�L�I�R�U�P�O�\���W�K�U�R�X�J�K�R�X�W���W�K�H���I�O�R�Z���G�R�P�D�L�Q�� 

�7�K�H���G�L�P�H�Q�V�L�R�Q�D�O���K�H�D�W���V�R�X�U�F�H���V�L�Q�N���L�V���H�[�S�U�H�V�V�H�G���D�V���>�������������@�� 
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�7�K�H�� �W�H�U�P��1( )q T T�f�� ���L�P�S�O�L�H�V�� �W�K�D�W�� �W�K�H�� �U�D�W�H�� �R�I�� �L�Q�W�H�U�Q�D�O�� �K�H�D�W�� �J�H�Q�H�U�D�W�L�R�Q�� ���R�U�� �D�E�V�R�U�S�W�L�R�Q���� �Y�D�U�L�H�V�� �Z�L�W�K�� �W�K�H���O�R�F�D�O��

�W�H�P�S�H�U�D�W�X�U�H���G�L�I�I�H�U�H�Q�F�H���D�P�R�Q�J���W�K�H���I�O�X�L�G���D�Q�G���W�K�H���D�P�E�L�H�Q�W���H�Q�Y�L�U�R�Q�P�H�Q�W�����:�K�H�U�H�D�V�����W�K�H��2 ( )
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�W�R���W�K�H���V�S�D�W�L�D�O���Y�D�U�L�D�W�L�R�Q���R�I���W�K�H���K�H�D�W���V�R�X�U�F�H���V�L�Q�N���D�Q�G���W�K�H���H�[�S�R�Q�H�Q�W�L�D�O���I�X�Q�F�W�L�R�Q���G�H�F�U�H�D�V�H�V���U�D�S�L�G�O�\���D�V���W�K�H���G�L�V�W�D�Q�F�H���I�U�R�P��
�W�K�H���Z�D�O�O���L�Q�F�U�H�D�V�H�V�����7�K�H�U�H�I�R�U�H�����P�D�[�L�P�X�P���K�H�D�W���J�H�Q�H�U�D�W�L�R�Q�����R�U���D�E�V�R�U�S�W�L�R�Q�����R�F�F�X�U�V���Q�H�D�U���W�K�H���Z�D�O�O���D�Q�G���W�K�H���V�R�X�U�F�H���V�L�Q�N��
�J�U�D�G�X�D�O�O�\���Z�H�D�N�H�Q�V���D�Z�D�\���I�U�R�P���W�K�H���V�X�U�I�D�F�H�����+�H�U�H���� 1q ���D�Q�G�� 2q ���D�U�H���F�R�H�I�I�L�F�L�H�Q�W�V���R�I���W�H�P�S�H�U�D�W�X�U�H���G�H�S�H�Q�G�H�Q�W���D�Q�G���V�S�D�F�H��

�G�H�S�H�Q�G�H�Q�W���K�H�D�W���V�R�X�U�F�H���V�L�Q�N�����U�H�V�S�H�F�W�L�Y�H�O�\�����,�W���V�K�R�X�O�G���E�H���Q�R�W�H�G���W�K�D�W��1 0q �! ���� 2 0q �! ���S�U�R�G�X�F�H�V���K�H�D�W���V�R�X�U�F�H���D�Q�G��1 0q �� ����

2 0q �� ���U�H�S�U�H�V�H�Q�W�V���K�H�D�W���V�L�Q�N�����7�K�H�V�H���W�Z�R���S�D�U�D�P�H�W�H�U�V���F�R�Q�W�U�R�O���W�K�H���V�W�U�H�Q�J�W�K���R�I���W�K�H���W�Z�R���P�H�F�K�D�Q�L�V�P�V���L�Q�G�H�S�H�Q�G�H�Q�W�O�\�� 

�7�K�H���I�R�O�O�R�Z�L�Q�J���W�U�D�Q�V�I�R�U�P�D�W�L�R�Q�V���D�U�H���H�P�S�O�R�\�H�G�� 

( ) and ( ) ( )w wU x f T T T T�\ �X �K �T �K� f � f� � �� �� �� ������ 
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�7�K�H���F�R�X�S�O�H�G���Q�R�Q�O�L�Q�H�D�U���2�'�(�V���J�L�Y�H�Q���L�Q���(�T�V�����������������������D�U�H���V�R�O�Y�H�G���X�V�L�Q�J���µ�E�Y�S���F�¶�����D���0�$�7�/�$�%���S�U�R�J�U�D�P���Z�K�L�F�K���L�V���E�X�L�O�W��
�R�Q�� �/�R�E�D�W�W�R�� �,�,�,�$�� �W�H�F�K�Q�L�T�X�H�� ���D�� �I�L�Q�L�W�H�� �G�L�I�I�H�U�H�Q�F�H�� �V�F�K�H�P�H�� �S�U�R�G�X�F�L�Q�J��1C ���F�R�Q�W�L�Q�X�R�X�V�� �V�R�O�X�W�L�R�Q�V������ �7�K�L�V�� �D�S�S�U�R�D�F�K��
�P�L�Q�L�P�L�]�H�V�� �V�H�Q�V�L�W�L�Y�L�W�\�� �W�R�� �V�W�D�U�W�L�Q�J�� �H�V�W�L�P�D�W�H�V�� �E�\�� �D�X�W�R�P�D�W�L�F�D�O�O�\�� �D�G�D�S�W�L�Q�J���W�K�H�� �F�R�P�S�X�W�D�W�L�R�Q�D�O���P�H�V�K�� �I�R�U�� �D�F�F�X�U�D�F�\�� �D�Q�G��
�R�I�I�H�U�L�Q�J���U�H�O�L�D�E�O�H���U�H�V�X�O�W�V���H�Y�H�Q���L�Q���W�K�H���D�E�V�H�Q�F�H���R�I���F�O�R�V�H�G���I�R�U�P���L�Q�L�W�L�D�O���D�V�V�X�P�S�W�L�R�Q�V�����%�R�X�Q�G�D�U�\���Y�D�O�X�H���S�U�R�E�O�H�P�V���L�Q���E�Y�S���F��
�D�U�H���V�R�O�Y�H�G���X�V�L�Q�J���W�K�H���V�H�W�W�L�Q�J���V�R�O� �E�Y�S���F���R�G�H�I�X�Q�����E�F�I�X�Q���V�R�O�L�Q�L�W���R�S�W�L�R�Q�V�������,�Q���W�K�L�V���F�D�V�H�����R�G�H�I�X�Q���V�W�R�U�H�V���W�K�H���V�\�V�W�H�P���R�I���I�L�U�V�W��
�R�U�G�H�U���R�U�G�L�Q�D�U�\���G�L�I�I�H�U�H�Q�W�L�D�O���H�T�X�D�W�L�R�Q�V�����E�F�I�X�Q���V�S�H�F�L�I�L�H�V���W�K�H���E�R�X�Q�G�D�U�\���F�R�Q�G�L�W�L�R�Q�V�����V�R�O�L�Q�L�W���G�H�V�F�U�L�E�H�V���W�K�H���L�Q�L�W�L�D�O���J�X�H�V�V��
�Y�D�O�X�H�V���� �D�Q�G�� �R�S�W�L�R�Q�V� �E�Y�S�V�H�W���
�5�H�O�7�R�O�
�����H�������� �
�$�E�V�7�R�O�
�����H�������� �L�V�� �X�V�H�G�� �W�R�� �H�V�W�D�E�O�L�V�K�� �W�K�H�� �U�H�O�D�W�L�Y�H�� �D�Q�G�� �D�E�V�R�O�X�W�H�� �H�U�U�R�U��
�W�R�O�H�U�D�Q�F�H�V���� 
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1 2(0) 0, (0) 1 (0), (0) 1 (0)f g h�G �T �G� � �� � �� �4 �� �������� 

�7�R���V�W�D�U�W���L�Q�W�H�J�U�D�W�L�R�Q�����L�Q�W�U�R�G�X�F�W�R�U�\���J�X�H�V�V���Y�D�O�X�H�V���R�I���Q�R�Q���S�U�H�V�F�U�L�E�H�G���L�Q�L�W�L�D�O���F�R�Q�G�L�W�L�R�Q�V��(0)h ���D�Q�G��(0)�4 �����L���H������(0)f �c�c ��

�D�Q�G��(0)�T�c ���D�U�H���H�V�V�H�Q�W�L�D�O���D�Q�G���W�K�H���Y�D�O�X�H�V���D�U�H���V�H�O�H�F�W�H�G���L�Q���V�X�F�K���D���P�D�Q�Q�H�U���W�K�D�W���W�K�H�\���S�U�R�G�X�F�H���D�V�\�P�S�W�R�W�L�F���F�R�Q�Y�H�U�J�H�Q�F�H���W�R��

�V�S�H�F�L�I�L�H�G���E�R�X�Q�G�D�U�\���F�R�Q�G�L�W�L�R�Q�V�����+�H�U�H�����W�K�H���H�U�U�R�U���L�V���G�H�W�H�U�P�L�Q�H�G���E�\���W�K�H���U�H�V�L�G�X�D�O���H�U�U�R�U���Z�L�W�K���W�R�O�H�U�D�Q�F�H���E�H�L�Q�J��510�� ���� 

�7�R���Y�D�O�L�G�D�W�H���W�K�H���D�F�F�X�U�D�F�\���R�I���W�K�H���S�U�H�V�H�Q�W���Q�X�P�H�U�L�F�D�O���P�H�W�K�R�G�R�O�R�J�\�����W�K�H���F�R�P�S�X�W�H�G���Y�D�O�X�H�V���R�I���W�K�H���V�N�L�Q���I�U�L�F�W�L�R�Q���F�R�H�I�I�L�F�L�H�Q�W��
1 2Re fxC ���I�R�U���W�K�H���I�R�U�F�H�G���F�R�Q�Y�H�F�W�L�R�Q���F�D�V�H���D�U�H���F�R�P�S�D�U�H�G���Z�L�W�K���W�K�H���S�U�H�Y�L�R�X�V�O�\���U�H�S�R�U�W�H�G���U�H�V�X�O�W�V���R�I���%�D�W�D�O�O�H�U���>�����@�����$�K�P�D�G��

�H�W���D�O�����>�����@�����D�Q�G���5�D�K�P�D�Q���H�W���D�O�����>�����@�����D�V���S�U�H�V�H�Q�W�H�G���L�Q���7�D�E�O�H���������$�Q���H�[�F�H�O�O�H�Q�W���D�J�U�H�H�P�H�Q�W���L�V���R�E�V�H�U�Y�H�G���E�H�W�Z�H�H�Q���W�K�H���S�U�H�V�H�Q�W��
�F�R�P�S�X�W�D�W�L�R�Q�V���D�Q�G���W�K�H���D�Y�D�L�O�D�E�O�H���E�H�Q�F�K�P�D�U�N���V�R�O�X�W�L�R�Q�V���R�Y�H�U���W�K�H���H�Q�W�L�U�H���U�D�Q�J�H���R�I���S�D�U�D�P�H�W�H�U�V���F�R�Q�V�L�G�H�U�H�G�����7�K�L�V���F�O�R�V�H��
�F�R�U�U�H�V�S�R�Q�G�H�Q�F�H���D�S�S�U�R�Y�H�V���W�K�H���D�F�F�X�U�D�F�\���D�Q�G���G�H�S�H�Q�G�D�E�L�O�L�W�\���R�I���W�K�H���D�G�D�S�W�H�G���Q�X�P�H�U�L�F�D�O���S�U�R�F�H�G�X�U�H�����W�K�H�U�H�E�\���S�U�R�Y�L�G�L�Q�J��
�V�W�U�R�Q�J�� �F�R�Q�I�L�G�H�Q�F�H���L�Q���W�K�H�� �F�R�U�U�H�F�W�Q�H�V�V�� �R�I�� �W�K�H�� �U�H�V�X�O�W�V���D�Q�G���W�K�H�� �V�X�E�V�H�T�X�H�Q�W���S�K�\�V�L�F�D�O�� �L�Q�W�H�U�S�U�H�W�D�W�L�R�Q�V���S�U�H�V�H�Q�W�H�G���L�Q���W�K�L�V��
�V�W�X�G�\�� 

�7�D�E�O�H���������&�R�P�S�D�U�L�V�R�Q���R�I���V�N�L�Q���I�U�L�F�W�L�R�Q���F�R�H�I�I�L�F�L�H�Q�W��1 2Re fxC ���I�R�U�� 0�O� �� 
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���� �5�H�V�X�O�W�V���D�Q�G���G�L�V�F�X�V�V�L�R�Q 

�7�K�H���J�R�Y�H�U�Q�L�Q�J���P�D�W�K�H�P�D�W�L�F�D�O���P�R�G�H�O���L�V���V�R�O�Y�H�G���Q�X�P�H�U�L�F�D�O�O�\���W�R���H�[�D�P�L�Q�H���W�K�H���X�Q�G�H�U�O�\�L�Q�J���I�O�R�Z���S�K�\�V�L�F�V�����)�X�U�W�K�H�U�P�R�U�H�����D��
�G�H�W�D�L�O�H�G���S�D�U�D�P�H�W�U�L�F���H�[�D�P�L�Q�D�W�L�R�Q���L�V���F�R�Q�G�X�F�W�H�G���W�R���D�V�V�H�V�V���W�K�H���H�I�I�H�F�W�V���R�I���W�K�H���O�L�Q�H�D�U���D�Q�G���Q�R�Q�O�L�Q�H�D�U���P�L�[�H�G���F�R�Q�Y�H�F�W�L�R�Q��
�S�D�U�D�P�H�W�H�U�V�����W�H�P�S�H�U�D�W�X�U�H���G�H�S�H�Q�G�H�Q�W���D�Q�G���V�S�D�F�H���G�H�S�H�Q�G�H�Q�W���K�H�D�W���V�R�X�U�F�H���V�L�Q�N�����D�Q�G���Y�H�O�R�F�L�W�\���D�Q�G���W�K�H�U�P�D�O���V�O�L�S�V���R�Q���W�K�H��
�Y�H�O�R�F�L�W�\���D�Q�G���W�H�P�S�H�U�D�W�X�U�H���I�L�H�O�G�V�����W�R�J�H�W�K�H�U���Z�L�W�K���W�K�H���F�R�U�U�H�V�S�R�Q�G�L�Q�J���Z�D�O�O���G�U�D�J���I�R�U�F�H���D�Q�G���U�D�W�H���R�I���V�X�U�I�D�F�H���F�R�R�O�L�Q�J�����D�V��
�H�[�K�L�E�L�W�H�G���L�Q���)�L�J�X�U�H�V���������������7�K�U�R�X�J�K�R�X�W���W�K�H�� �Q�X�P�H�U�L�F�D�O�� �F�R�P�S�X�W�D�W�L�R�Q�V���� �W�K�H���S�D�U�D�P�H�W�H�U���Y�D�O�X�H�V�� �D�U�H�� �I�L�[�H�G���D�V����0.1,�O� ��

0.5,�J� �� 1 0.04,q � �� 2 0.1,q � �� 1 0.2,�G� �� 2 0.1�G � ���D�Q�G����1 0.04,q �  � � �� 2 0.1,q �  � � ���L�Q���F�D�V�H���R�I���D���V�L�Q�N�������8�Q�O�H�V�V���R�W�K�H�U�Z�L�V�H��

�V�S�H�F�L�I�L�H�G�����W�K�H�V�H���Y�D�O�X�H�V���U�H�P�D�L�Q���X�Q�F�K�D�Q�J�H�G���� 

�7�K�H���H�I�I�H�F�W�V���R�I���Y�D�U�\�L�Q�J���W�K�H���F�R�Q�Y�H�F�W�L�R�Q���S�D�U�D�P�H�W�H�U�V���R�Q���W�K�H���Y�H�O�R�F�L�W�\���D�Q�G���W�H�P�S�H�U�D�W�X�U�H���S�U�R�I�L�O�H�V���D�U�H���L�O�O�X�V�W�U�D�W�H�G���L�Q���)�L�J�X�U�H�V��
�����������+�H�U�H����0�O�� ���� 0�O�! �����D�Q�G��0�O� ���F�R�U�U�H�V�S�R�Q�G���W�R���R�S�S�R�V�L�Q�J�����D�V�V�L�V�W�L�Q�J�����D�Q�G���I�R�U�F�H�G���F�R�Q�Y�H�F�W�L�R�Q���I�O�R�Z�V�����U�H�V�S�H�F�W�L�Y�H�O�\����
�7�K�H���I�O�X�L�G���Y�H�O�R�F�L�W�\���U�L�V�H�V���Z�L�W�K���D�Q���L�Q�F�U�H�D�V�H���L�Q���W�K�H���O�L�Q�H�D�U���P�L�[�H�G���F�R�Q�Y�H�F�W�L�R�Q���S�D�U�D�P�H�W�H�U���X�Q�G�H�U���D�V�V�L�V�W�L�Q�J���I�O�R�Z���F�R�Q�G�L�W�L�R�Q�V��
( 0)�O�! ���D�V���G�H�P�R�Q�V�W�U�D�W�H�G���E�\���)�L�J�X�U�H���������7�K�L�V���H�Q�K�D�Q�F�H�P�H�Q�W���R�F�F�X�U�V���E�H�F�D�X�V�H���W�K�H���E�X�R�\�D�Q�F�\���I�R�U�F�H���D�F�W�V���L�Q���W�K�H���L�G�H�Q�W�L�F�D�O��
�G�L�U�H�F�W�L�R�Q�� �D�V�� �W�K�H�� �P�D�L�Q�� �I�O�R�Z���� �D�F�F�H�O�H�U�D�W�L�Q�J�� �W�K�H�� �I�O�X�L�G���� �U�D�L�V�L�Q�J�� �W�K�H�� �P�R�P�H�Q�W�X�P�� �E�R�X�Q�G�D�U�\�� �O�D�\�H�U�� �W�K�L�F�N�Q�H�V�V�����%�/�7������ �D�Q�G��
�S�U�R�G�X�F�L�Q�J���D���P�R�U�H���I�D�Y�R�X�U�D�E�O�H���I�O�R�Z���H�Q�Y�L�U�R�Q�P�H�Q�W�����,�Q���F�R�Q�W�U�D�V�W�����X�Q�G�H�U���R�S�S�R�V�L�Q�J���I�O�R�Z���V�L�W�X�D�W�L�R�Q�V��( 0)�O�� �����W�K�H���E�X�R�\�D�Q�F�\��

�I�R�U�F�H���H�[�H�F�X�W�H�V���D�J�D�L�Q�V�W���W�K�H���I�O�X�L�G���P�R�W�L�R�Q�����W�K�H�U�H�E�\���G�H�F�H�O�H�U�D�W�L�Q�J���W�K�H���I�O�R�Z���D�Q�G���W�K�L�Q�Q�L�Q�J���W�K�H���P�R�P�H�Q�W�X�P���E�R�X�Q�G�D�U�\���O�D�\�H�U����
�&�R�Q�V�H�T�X�H�Q�W�O�\�����W�K�H���Y�H�O�R�F�L�W�\���D�W�W�D�L�Q�H�G���L�Q���W�K�H���I�R�U�F�H�G���F�R�Q�Y�H�F�W�L�R�Q���F�D�V�H��( 0)�O� ���O�L�H�V���E�H�W�Z�H�H�Q���W�K�R�V�H���R�I���W�K�H���D�V�V�L�V�W�L�Q�J���D�Q�G��

�R�S�S�R�V�L�Q�J���I�O�R�Z���U�H�J�L�P�H�V�����7�K�H���F�R�U�U�H�V�S�R�Q�G�L�Q�J���W�H�P�S�H�U�D�W�X�U�H���G�L�V�W�U�L�E�X�W�L�R�Q�V���D�U�H���S�U�H�V�H�Q�W�H�G���L�Q���)�L�J�X�U�H���������$�Q���R�S�S�R�V�L�W�H���W�U�H�Q�G��
�L�V���R�E�V�H�U�Y�H�G���Z�L�W�K���U�H�V�S�H�F�W���W�R���W�K�H���Y�H�O�R�F�L�W�\���I�L�H�O�G�����$�V���W�K�H���O�L�Q�H�D�U���P�L�[�H�G���F�R�Q�Y�H�F�W�L�R�Q���S�D�U�D�P�H�W�H�U���J�U�R�Z�V�����W�K�H���W�H�P�S�H�U�D�W�X�U�H��
�D�Q�G���W�K�H�U�P�D�O���%�/�7���G�H�F�U�H�D�V�H���E�H�F�D�X�V�H���W�K�H���D�F�F�H�O�H�U�D�W�H�G���I�O�X�L�G���W�U�D�Q�V�S�R�U�W�V���K�H�D�W���D�Z�D�\���I�U�R�P���W�K�H���V�X�U�I�D�F�H���P�R�U�H���H�I�I�H�F�W�L�Y�H�O�\����
�W�K�H�U�H�E�\���H�Q�K�D�Q�F�L�Q�J���F�R�Q�Y�H�F�W�L�Y�H���K�H�D�W���W�U�D�Q�V�I�H�U�����&�R�Q�Y�H�U�V�H�O�\�����W�K�H���G�H�F�H�O�H�U�D�W�H�G���I�O�R�Z���L�Q���W�K�H���R�S�S�R�V�L�Q�J���F�R�Q�Y�H�F�W�L�R�Q���U�H�J�L�P�H��
�Z�H�D�N�H�Q�V���F�R�Q�Y�H�F�W�L�Y�H���W�U�D�Q�V�S�R�U�W�����D�O�O�R�Z�L�Q�J���P�R�U�H���W�K�H�U�P�D�O���H�Q�H�U�J�\���W�R���F�R�O�O�H�F�W���Z�L�W�K�L�Q���W�K�H���E�R�X�Q�G�D�U�\���O�D�\�H�U�����Z�K�L�F�K���S�U�R�G�X�F�H�V��
�K�L�J�K�H�U�� �W�H�P�S�H�U�D�W�X�U�H�� �R�I�� �I�O�X�L�G���D�Q�G�� �D�� �W�K�L�F�N�H�U�� �W�K�H�U�P�D�O�� �E�R�X�Q�G�D�U�\�� �O�D�\�H�U�����$�F�F�R�U�G�L�Q�J�O�\���� �W�K�H�� �W�H�P�S�H�U�D�W�X�U�H�� �L�Q�� �W�K�H�� �I�R�U�F�H�G��
�F�R�Q�Y�H�F�W�L�R�Q���F�D�V�H���U�H�P�D�L�Q�V���O�R�Z�H�U���W�K�D�Q���W�K�D�W���L�Q���R�S�S�R�V�L�Q�J���I�O�R�Z���E�X�W���K�L�J�K�H�U���W�K�D�Q���W�K�D�W���L�Q���D�V�V�L�V�W�L�Q�J���I�O�R�Z�� 



�$�����%�D�Q�H�U�M�H�H���H�W���D�O�������7�&�0�,�6�����9�R�O�X�P�H���������-�X�O�\���������������$�U�W�L�F�O�H������������ 
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�)�L�J�X�U�H���������9�D�U�L�D�W�L�R�Q�V���L�Q�� ( )f �K�c ���I�R�U���V�H�Y�H�U�D�O���O���Z�L�W�K��0.5,�J� ��

1 0.04,q � �� 2 0.1,q � �� 1 0.2,�G� �� 2 0.1�G� �� 
�)�L�J�X�U�H���������9�D�U�L�D�W�L�R�Q�V���L�Q�� ( )� T � K���I�R�U���V�H�Y�H�U�D�O���O���Z�L�W�K��0.5,�J� ��

1 0.04,q � �� 2 0.1,q � �� 1 0.2,�G� �� 2 0.1�G� �� 
 

  

�)�L�J�X�U�H���������9�D�U�L�D�W�L�R�Q�V���L�Q�� ( )f �K�c ���I�R�U���V�H�Y�H�U�D�O���J ���Z�L�W�K��0.1,�O� ��

1 0.04,q � �� 2 0.1,q � �� 1 0.2,�G� �� 2 0.1�G� �� 
�)�L�J�X�U�H���������9�D�U�L�D�W�L�R�Q�V���L�Q�� ( )� T � K���I�R�U���V�H�Y�H�U�D�O���J ���Z�L�W�K��0.1,�O� ��

1 0.04,q � �� 2 0.1,q � �� 1 0.2,�G� �� 2 0.1�G� �� 

  

�)�L�J�X�U�H���������9�D�U�L�D�W�L�R�Q�V���L�Q�� ( )f �K�c ���I�R�U���V�H�Y�H�U�D�O��1( 0)q �t ���Z�L�W�K��

0.1,�O� �� 0.5,�J� �� 2 0.1,q � �� 1 0.2,�G� �� 2 0.1�G� �� 
�)�L�J�X�U�H���������9�D�U�L�D�W�L�R�Q�V���L�Q�� ( )� T � K���I�R�U���V�H�Y�H�U�D�O��1( 0)q �t ���Z�L�W�K��

0.1,�O� �� 0.5,�J� �� 2 0.1,q � �� 1 0.2,�G� �� 2 0.1�G� �� 

�7�K�H�� �H�I�I�H�F�W�V�� �R�I�� �W�K�H�� �Q�R�Q�O�L�Q�H�D�U�� �P�L�[�H�G�� �F�R�Q�Y�H�F�W�L�R�Q�� �S�D�U�D�P�H�W�H�U�� ���J���� �R�Q�� �W�K�H�� �Y�H�O�R�F�L�W�\�� �D�Q�G�� �W�H�P�S�H�U�D�W�X�U�H�� �G�L�V�W�U�L�E�X�W�L�R�Q�V���D�U�H��
�L�O�O�X�V�W�U�D�W�H�G�� �L�Q�� �)�L�J�X�U�H�V�� ���� �D�Q�G�� ������ �,�W�� �L�V�� �Z�R�U�W�K�� �P�H�Q�W�L�R�Q�L�Q�J�� �W�K�D�W��( 0)�J� ���F�R�U�U�H�V�S�R�Q�G�V�� �W�R�� �W�K�H�� �F�O�D�V�V�L�F�D�O�� �O�L�Q�H�D�U�� �P�L�[�H�G��

�F�R�Q�Y�H�F�W�L�R�Q���P�R�G�H�O�����$�V���J���L�Q�F�U�H�D�V�H�V�����W�K�H���Y�H�O�R�F�L�W�\���H�[�K�L�E�L�W�V���D���Q�R�Q���X�Q�L�I�R�U�P���U�H�V�S�R�Q�V�H�����W�K�H���I�O�X�L�G���Y�H�O�R�F�L�W�\���L�Q�F�U�H�D�V�H�V���L�Q���W�K�H��
�Y�L�F�L�Q�L�W�\���R�I���W�K�H���V�X�U�I�D�F�H�����Z�K�H�U�H�D�V���L�W���G�H�F�O�L�Q�H�V���L�Q���W�K�H���R�X�W�H�U���U�H�J�L�R�Q���R�I���W�K�H���E�R�X�Q�G�D�U�\���O�D�\�H�U�����7�K�L�V���S�H�U�I�R�U�P�D�Q�F�H���L�V���D�W�W�U�L�E�X�W�H�G��
�W�R���W�K�H���Q�R�Q�O�L�Q�H�D�U���G�H�S�H�Q�G�H�Q�F�H���R�I���W�K�H���E�X�R�\�D�Q�F�\���I�R�U�F�H���R�Q���W�H�P�S�H�U�D�W�X�U�H�����1�H�D�U���W�K�H���K�H�D�W�H�G���S�O�D�W�H�����Z�K�H�U�H���W�K�H���W�H�P�S�H�U�D�W�X�U�H��
�G�L�I�I�H�U�H�Q�F�H���D�P�R�Q�J���W�K�H���Z�D�O�O���D�Q�G���W�K�H���Q�H�D�U�E�\���I�O�X�L�G���L�V���K�X�J�H�����W�K�H���U�H�V�X�O�W�L�Q�J���Q�R�Q�O�L�Q�H�D�U���E�X�R�\�D�Q�F�\���I�R�U�F�H���E�H�F�R�P�H�V���V�W�U�R�Q�J�H�U����
�S�U�R�G�X�F�L�Q�J���D�Q���D�G�G�L�W�L�R�Q�D�O���G�U�L�Y�L�Q�J���I�R�U�F�H���W�K�D�W���D�F�F�H�O�H�U�D�W�H�V���W�K�H���I�O�X�L�G���P�R�W�L�R�Q�����+�R�Z�H�Y�H�U�����D�V���W�K�H���G�L�V�W�D�Q�F�H���I�U�R�P���W�K�H���V�X�U�I�D�F�H��
�L�Q�F�U�H�D�V�H�V�����W�K�H���W�H�P�S�H�U�D�W�X�U�H�� �G�L�I�I�H�U�H�Q�F�H���U�H�G�X�F�H�V���T�X�L�F�N�O�\�����F�R�Q�V�H�T�X�H�Q�W�O�\�� �F�D�X�V�L�Q�J���W�K�H�� �Q�R�Q�O�L�Q�H�D�U�� �E�X�R�\�D�Q�F�\�� �H�I�I�H�F�W���W�R��
�Z�H�D�N�H�Q�����+�H�Q�F�H�����W�K�H���P�R�P�H�Q�W�X�P���S�U�R�G�X�F�H�G���E�\���E�X�R�\�D�Q�F�\���E�H�F�R�P�H�V���L�Q�D�G�H�T�X�D�W�H���W�R���V�X�V�W�D�L�Q���W�K�H���H�Q�K�D�Q�F�H�G���I�O�R�Z�����O�H�D�G�L�Q�J��
�W�R�� �D���G�H�F�U�H�D�V�H���L�Q�� �Y�H�O�R�F�L�W�\�� �L�Q�� �W�K�H�� �I�D�U���I�L�H�O�G�� �U�H�J�L�R�Q���� �)�L�J�X�U�H�� �����X�Q�Y�H�L�O�V���W�K�D�W���U�D�L�V�L�Q�J���W�K�H�� �Q�R�Q�O�L�Q�H�D�U�� �P�L�[�H�G�� �F�R�Q�Y�H�F�W�L�R�Q��
�S�D�U�D�P�H�W�H�U���G�L�P�L�Q�L�V�K�H�V���E�R�W�K���W�K�H���I�O�X�L�G���W�H�P�S�H�U�D�W�X�U�H���D�Q�G���W�K�H���W�K�H�U�P�D�O���%�/�7�����7�K�H���V�W�U�H�Q�J�W�K�H�Q�H�G���Q�H�D�U���Z�D�O�O���E�X�R�\�D�Q�F�\���U�X�V�K�H�V��
�W�K�H���I�O�X�L�G���P�R�W�L�R�Q�����Z�K�L�F�K���S�U�R�P�R�W�H�V���V�W�U�R�Q�J�H�U���F�R�Q�Y�H�F�W�L�Y�H���W�U�D�Q�V�S�R�U�W���R�I���W�K�H�U�P�D�O���H�Q�H�U�J�\���D�Z�D�\���I�U�R�P���W�K�H���K�H�D�W�H�G���S�O�D�W�H���Z�D�O�O��
�D�Q�G���D�F�F�R�U�G�L�Q�J�O�\���L�W���V�X�S�S�U�H�V�V�H�V���W�K�H���W�K�H�U�P�D�O���E�R�X�Q�G�D�U�\���O�D�\�H�U���G�H�Y�H�O�R�S�P�H�Q�W�����)�X�U�W�K�H�U�P�R�U�H�����W�K�H���W�H�P�S�H�U�D�W�X�U�H���D�Q�G���W�K�H�U�P�D�O��
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�E�R�X�Q�G�D�U�\���O�D�\�H�U���D�U�H���L�Q���K�L�J�K�H�U���O�H�Y�H�O���I�R�U���W�K�H���O�L�Q�H�D�U���F�R�Q�Y�H�F�W�L�R�Q���F�D�V�H��( 0)�J� ���W�K�D�Q���I�R�U���W�K�H���Q�R�Q�O�L�Q�H�D�U���F�R�Q�Y�H�F�W�L�R�Q���F�D�V�H�����,�Q��

�W�K�H���O�L�Q�H�D�U���P�R�G�H�O�����W�K�H���E�X�R�\�D�Q�F�\���I�R�U�F�H���F�K�D�Q�J�H�V���L�Q���G�L�U�H�F�W���S�U�R�S�R�U�W�L�R�Q���W�R���W�H�P�S�H�U�D�W�X�U�H�����Z�K�H�U�H�D�V���W�K�H���Q�R�Q�O�L�Q�H�D�U���P�R�G�H�O��
�S�U�R�G�X�F�H�V�� �D�� �V�W�U�R�Q�J�H�U�� �E�X�R�\�D�Q�F�\�� �I�R�U�F�H�� �L�Q�� �W�K�H�� �K�L�J�K���W�H�P�S�H�U�D�W�X�U�H�� �U�H�J�L�R�Q�� �Q�H�D�U�� �W�K�H�� �Z�D�O�O���� �$�V�� �W�K�H�� �I�O�X�L�G�� �W�H�P�S�H�U�D�W�X�U�H��
�J�U�D�G�X�D�O�O�\�� �D�S�S�U�R�D�F�K�H�V�� �W�K�H���I�U�H�H���V�W�U�H�D�P���Y�D�O�X�H���� �W�K�H�� �Q�R�Q�O�L�Q�H�D�U�� �E�X�R�\�D�Q�F�\�� �H�I�I�H�F�W�� �Z�H�D�N�H�Q�V���� �&�R�Q�V�H�T�X�H�Q�W�O�\���� �Q�R�Q�O�L�Q�H�D�U��
�F�R�Q�Y�H�F�W�L�R�Q���W�U�D�Q�V�I�H�U�V�� �K�H�D�W�� �P�R�U�H�� �H�I�I�L�F�L�H�Q�W�O�\�� �L�Q�� �W�K�H�� �Q�H�D�U���Z�D�O�O�� �U�H�J�L�R�Q���� �U�H�V�X�O�W�L�Q�J�� �L�Q�� �O�R�Z�H�U�� �I�O�X�L�G�� �W�H�P�S�H�U�D�W�X�U�H�V�� �D�Q�G�� �D��
�W�K�L�Q�Q�H�U���W�K�H�U�P�D�O���E�R�X�Q�G�D�U�\���O�D�\�H�U�� 

  

�)�L�J�X�U�H���������9�D�U�L�D�W�L�R�Q�V���L�Q�� ( )f �K�c ���I�R�U���V�H�Y�H�U�D�O��2( 0)q �t ���Z�L�W�K��

0.1,�O� �� 0.5,�J� �� 1 0.04,q � �� 1 0.2,�G� �� 2 0.1�G� �� 
�)�L�J�X�U�H���������9�D�U�L�D�W�L�R�Q�V���L�Q�� ( )� T � K���I�R�U���V�H�Y�H�U�D�O��2( 0)q �t ���Z�L�W�K��

0.1,�O� �� 0.5,�J� �� 1 0.04,q � �� 1 0.2,�G� �� 2 0.1�G� �� 
 

  

�)�L�J�X�U�H�����������9�D�U�L�D�W�L�R�Q�V���L�Q�� ( )f �K�c ���I�R�U���V�H�Y�H�U�D�O�� 1( 0)q �d ���Z�L�W�K��

0.1,�O� �� 0.5,�J� �� 2 0.1,q �  � � �� 1 0.2,�G� �� 2 0.1�G� �� 
�)�L�J�X�U�H�����������9�D�U�L�D�W�L�R�Q�V���L�Q�� ( )� T � K���I�R�U���V�H�Y�H�U�D�O�� 1( 0)q �d ���Z�L�W�K��

0.1,�O� �� 0.5,�J� �� 2 0.1,q �  � � �� 1 0.2,�G� �� 2 0.1�G� �� 

  

�)�L�J�X�U�H�����������9�D�U�L�D�W�L�R�Q�V���L�Q�� ( )f �K�c ���I�R�U���V�H�Y�H�U�D�O�� 2( 0)q �d ���Z�L�W�K��

0.1,�O� �� 0.5,�J� �� 1 0.04,q �  � � �� 1 0.2,�G� �� 2 0.1�G� �� 
�)�L�J�X�U�H�����������9�D�U�L�D�W�L�R�Q�V���L�Q�� ( )� T � K���I�R�U���V�H�Y�H�U�D�O�� 2( 0)q �d ���Z�L�W�K��

0.1,�O� �� 0.5,�J� �� 1 0.04,q �  � � �� 1 0.2,�G� �� 2 0.1�G� �� 

�7�K�H���Y�D�U�L�D�W�L�R�Q�V���R�I���Y�H�O�R�F�L�W�\���D�Q�G���W�H�P�S�H�U�D�W�X�U�H���G�L�V�W�U�L�E�X�W�L�R�Q�V���Z�L�W�K���W�K�H���W�H�P�S�H�U�D�W�X�U�H���G�H�S�H�Q�G�H�Q�W���D�Q�G���V�S�D�F�H���G�H�S�H�Q�G�H�Q�W���K�H�D�W��
�V�R�X�U�F�H���V�L�Q�N�� �S�D�U�D�P�H�W�H�U�V�� �D�U�H�� �G�H�S�L�F�W�H�G�� �L�Q�� �)�L�J�X�U�H�V�� ������������ �,�Q�� �W�K�H�� �S�U�H�V�H�Q�F�H�� �R�I�� �D�� �K�H�D�W�� �V�R�X�U�F�H���� �E�R�W�K�� �W�K�H�� �Y�H�O�R�F�L�W�\�� �D�Q�G��
�W�H�P�S�H�U�D�W�X�U�H���X�S�V�X�U�J�H���� �Z�K�H�U�H�D�V�� �W�K�H�� �R�S�S�R�V�L�W�H���W�U�H�Q�G���L�V�� �R�E�V�H�U�Y�H�G�� �Z�K�H�Q���W�K�H�U�H�� �L�V���D�� �K�H�D�W�� �V�L�Q�N�����7�K�L�V���L�P�S�D�F�W���L�V�� �D�� �G�L�U�H�F�W��
�F�R�Q�V�H�T�X�H�Q�F�H���R�I���W�K�H���P�R�G�L�I�L�F�D�W�L�R�Q���R�I���W�K�H���W�K�H�U�P�D�O���H�Q�H�U�J�\���Z�L�W�K�L�Q���W�K�H���E�R�X�Q�G�D�U�\���O�D�\�H�U�����0�R�U�H�R�Y�H�U�����W�K�H���S�U�H�V�H�Q�F�H���R�I���D���K�H�D�W��
�V�R�X�U�F�H���X�Q�L�Q�W�H�U�U�X�S�W�H�G�O�\���V�X�S�S�O�L�H�V���W�K�H�U�P�D�O���H�Q�H�U�J�\���W�R���W�K�H���I�O�X�L�G�����F�D�X�V�L�Q�J���W�H�P�S�H�U�D�W�X�U�H���K�L�N�H���E�\���V�W�U�H�Q�J�W�K�H�Q�L�Q�J���W�K�H���W�K�H�U�P�D�O��
�E�X�R�\�D�Q�F�\���I�R�U�F�H�����7�K�H���H�Q�K�D�Q�F�H�G���E�X�R�\�D�Q�F�\���S�U�R�G�X�F�H�V���D�F�F�H�O�H�U�D�W�L�R�Q���L�Q���W�K�H���I�O�X�L�G���I�O�R�Z�����Z�K�L�F�K���F�D�X�V�H�V���K�L�J�K�H�U���Y�H�O�R�F�L�W�L�H�V��
�D�Q�G�� �D�� �W�K�L�F�N�H�U�� �P�R�P�H�Q�W�X�P�� �E�R�X�Q�G�D�U�\�� �O�D�\�H�U�����2�Q�� �W�K�H�� �F�R�Q�W�U�D�U�\���� �D�� �K�H�D�W�� �V�L�Q�N���U�H�P�R�Y�H�V���W�K�H�U�P�D�O�� �H�Q�H�U�J�\�� �I�U�R�P�� �W�K�H�� �I�O�X�L�G����
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�Z�K�L�F�K�� �U�H�G�X�F�H�V���W�K�H�� �W�H�P�S�H�U�D�W�X�U�H�� �G�L�I�I�H�U�H�Q�F�H���D�P�R�Q�J���W�K�H�� �Z�D�O�O���D�Q�G���W�K�H���Q�H�D�U�E�\���I�O�X�L�G���D�Q�G���W�K�H�� �Z�H�D�N�H�U���E�X�R�\�D�Q�F�\�� �I�R�U�F�H��
�F�D�X�V�H�V���D���U�H�G�X�F�W�L�R�Q���L�Q���W�K�H���I�O�X�L�G���Y�H�O�R�F�L�W�\���W�K�U�R�X�J�K�R�X�W���W�K�H���E�R�X�Q�G�D�U�\���O�D�\�H�U�����7�K�H���F�R�U�U�H�V�S�R�Q�G�L�Q�J���W�H�P�S�H�U�D�W�X�U�H���G�L�V�W�U�L�E�X�W�L�R�Q�V��
�H�[�K�L�E�L�W���W�K�D�W�� �E�R�W�K�� �W�K�H�� �W�H�P�S�H�U�D�W�X�U�H���G�H�S�H�Q�G�H�Q�W�� �D�Q�G�� �V�S�D�F�H���G�H�S�H�Q�G�H�Q�W�� �K�H�D�W�� �V�R�X�U�F�H���V�L�Q�N�� �S�D�U�D�P�H�W�H�U�V���S�U�R�G�X�F�H���V�L�P�L�O�D�U��
�L�Q�I�O�X�H�Q�F�H�V���R�Q���W�K�H���W�K�H�U�P�D�O���Y�D�U�L�D�W�L�R�Q�V�����,�Q�F�U�H�D�V�L�Q�J���D�Q�\���V�R�X�U�F�H���S�D�U�D�P�H�W�H�U���L�Q�W�U�R�G�X�F�H�V���H�[�W�U�D���K�H�D�W���L�Q�W�R���W�K�H���I�O�X�L�G�����F�D�X�V�L�Q�J��
�W�K�H���U�L�V�H���R�I���W�H�P�S�H�U�D�W�X�U�H���D�Q�G���D���O�D�U�J�H�U���W�K�H�U�P�D�O���%�/�7�����,�Q���F�R�Q�W�U�D�V�W�����L�Q�F�U�H�D�V�L�Q�J���W�K�H���V�W�U�H�Q�J�W�K���R�I���H�L�W�K�H�U���K�H�D�W���V�L�Q�N���S�D�U�D�P�H�W�H�U��
�H�Q�K�D�Q�F�H�V���K�H�D�W���D�E�V�R�U�S�W�L�R�Q���I�U�R�P���W�K�H���I�O�X�L�G�����W�K�H�U�H�E�\���V�X�S�S�U�H�V�V�L�Q�J���W�K�H���W�K�H�U�P�D�O���G�L�V�W�U�L�E�X�W�L�R�Q�����U�H�G�X�F�L�Q�J���W�K�H���W�K�H�U�P�D�O���%�/�7����
�D�Q�G���S�U�R�P�R�W�L�Q�J���D���V�W�H�H�S�H�U���W�H�P�S�H�U�D�W�X�U�H���J�U�D�G�L�H�Q�W���D�W���W�K�H���Z�D�O�O�����)�U�R�P���D���K�H�D�W���W�U�D�Q�V�I�H�U���S�H�U�V�S�H�F�W�L�Y�H�����W�K�H���K�H�D�W���V�R�X�U�F�H���Z�H�D�N�H�Q�V��
�W�K�H�� �Z�D�O�O���K�H�D�W�� �W�U�D�Q�V�I�H�U���U�D�W�H���E�\���L�Q�F�U�H�D�V�L�Q�J�� �W�K�H���W�K�H�U�P�D�O�� �H�Q�H�U�J�\���Z�L�W�K�L�Q�� �W�K�H�� �E�R�X�Q�G�D�U�\�� �O�D�\�H�U���� �Z�K�H�U�H�D�V�� �W�K�H�� �K�H�D�W�� �V�L�Q�N��
�L�Q�W�H�Q�V�L�I�L�H�V���W�K�L�V���Z�D�O�O���K�H�D�W���W�U�D�Q�V�I�H�U���W�K�U�R�X�J�K���W�K�H���F�R�Q�W�L�Q�X�R�X�V���U�H�P�R�Y�D�O���R�I���W�K�H�U�P�D�O���H�Q�H�U�J�\���I�U�R�P���W�K�H���I�O�X�L�G�����&�R�Q�V�H�T�X�H�Q�W�O�\����
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