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The present work develops an analytical model for electroosmotic peristaltic trans-
port of a Williamson fluid in a flexible annular channel. The flow takes place be-
tween two concentric cylinders, where the inner wall is rigid and the outer wall
undergoes sinusoidal elastic deformation. An externally applied axial electric field
interacts with the electric double layer generated by prescribed wall zeta poten-
tials. The electric potential is governed by the Poisson–Boltzmann equation and
is linearized using the Debye–Huckel approximation. Under the assumptions of
long wavelength and low Reynolds number, the governing equations are reduced
to a nonlinear ordinary differential equation for the axial velocity. A regular per-
turbation expansion in the Weissenberg number is employed to obtain analytical
expressions for the velocity, shear stress, and stream function. The model shows
that electroosmotic forcing, wall zeta potential, annular geometry, wall elasticity,
and Williamson rheology significantly influence the velocity field, wall shear stress,
and trapping pattern. In the absence of electroosmotic forcing, the formulation
reduces to the classical flexible annular Williamson-fluid peristaltic model.

Keywords: Williamson fluid, electroosmosis, peristaltic flow, annular channel,
flexible wall, perturbation method

AMS Classification:
76A05, 76M45, 76D08

1. Introduction

Peristaltic transport is produced by progressive waves of contraction and expansion along de-
formable boundaries. It plays a central role in several physiological processes, including chyme
transport in the gastrointestinal tract, urine movement from the kidney to the bladder, oe-
sophageal swallowing, blood motion in small vessels, and embryo transport. It is also relevant
to engineering systems such as roller pumps, heart–lung machines, biomedical devices, and the
pumping of corrosive or hazardous fluids without direct mechanical contact. Because of these
applications, peristaltic flow has been studied in planar, cylindrical, porous, curved, and an-
nular geometries for both Newtonian and non-Newtonian fluids [1–5]. The fundamental theory
of peristaltic pumping was initiated by Latham [6]. Shapiro et al. [7] established the long-
wavelength and low-Reynolds-number framework, while Yin and Fung [8] compared theoretical
predictions with experimental observations. Later studies incorporated compliant walls, heat and
mass transfer, porous media, and annular geometries. For example, Radha Krishnamacharya and
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Srinivasulu [9] examined the influence of wall properties on peristaltic transport with heat trans-
fer, Srinivas and Kothandapani [10] considered compliant wall effects in a porous channel, and
Mekheimer et al. [11] investigated peristaltic transport through eccentric cylinders. Many biolog-
ical and industrial fluids exhibit nonlinear rheological behaviour. Polymer solutions, suspensions,
emulsions, and physiological fluids may display shear-thinning or viscoelastic features that can-
not be described accurately by Newtonian models. The Williamson model is commonly used
to describe pseudoplastic fluids because it accounts for the decrease in apparent viscosity with
increasing shear rate. Hayat et al. [12] analysed peristaltic Williamson-fluid flow in an inclined
channel with compliant walls, while Yasmin et al. [13] studied convective heat and mass transfer
in Williamson-fluid peristalsis. Ellahi et al. [14] considered three-dimensional peristaltic motion
of a Williamson fluid in a rectangular duct. Electroosmosis is an important electrokinetic mecha-
nism in microfluidic and biomedical transport. It occurs when an externally applied electric field
acts on the excess charge density within the electric double layer near charged walls. The result-
ing electric body force drags the surrounding liquid through viscous interaction and generates
electroosmotic motion. Electroosmotic peristaltic transport has been examined in microchan-
nels and biological configurations by Bhatti et al. [15], Prakash and Tripathi [16], Tripathi et
al. [17], and Noreen et al. [18]. Recent studies have further emphasized the role of zeta potential,
electrokinetic forcing, and non-Newtonian rheology in microchannel flows [19–23]. The present
work extends the flexible annular-channel Williamson-fluid model of Al-Khafajy and Al-Delfi [24]
by incorporating electroosmotic effects. The proposed model retains the cylindrical geometry,
flexible-wall operator, wave-frame transformation, lubrication approximation, and perturbation
approach, while introducing an axial electric field, electric-double-layer potential, and electroos-
motic body force. The main objective is to establish a compact analytical framework for studying
the combined effects of wall elasticity, electroosmosis, annular geometry, and Williamson rheology
on peristaltic transport.

2. Mathematical formulation

Consider the axisymmetric peristaltic motion of an incompressible Williamson fluid through
an annular region formed by two concentric cylinders. Cylindrical coordinates are denoted by
(r̄, ϑ̄, z̄), where r̄ is the radial coordinate and z̄ is the axial coordinate. The inner cylinder is rigid
with radius a1, while the outer wall is flexible and is described by a sinusoidal wave,

r̄ = a1, inner wall, (1)

r̄ = r̄2(z̄, t̄) = a2 + b sin

[︃
2π

L
(z̄ − st̄)

]︃
, outer wall, (2)

where a2 is the mean radius of the outer cylinder, b is the wave amplitude, L is the wavelength,
s is the wave speed, and t̄ is time.

The velocity field is assumed to be

V̄ = (V̄1(r̄, z̄, t̄), 0, V̄3(r̄, z̄, t̄)), (3)

where V̄1 and V̄3 denote the radial and axial velocity components, respectively. An external
electric field is applied in the axial direction,

E = (0, 0, Ez). (4)

The charged walls generate an electric double layer. The dimensional electric potential and net
charge density are denoted by Φ̄(r̄) and ρ̄e, respectively.

The continuity and momentum equations are

∇̄ · V̄ = 0, (5)

ρ

(︃
∂V̄

∂t̄
+ V̄ · ∇̄V̄

)︃
= ∇̄ · (p̄I + τ̄) + ρ̄eE, (6)

where ρ is the fluid density, p̄ is the pressure, I is the identity tensor, and τ̄ is the extra-stress
tensor. The last term in Eq. (6) represents the electroosmotic body force.

The pressure convention used in the reduced balance is −pI + τ , consistently with Eq. (22).
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Figure 1. Geometry of the electroosmotic peristaltic flow through a flexible annular
channel.

2.1. Williamson constitutive model

The Williamson constitutive relation is written as

τ̄ =

[︃
µ∞ +

µ0 − µ∞
1− Γ¯̇γ

]︃
¯̇γ, (7)

where µ0 and µ∞ are the zero- and infinite-shear-rate viscosities, respectively. The parameter Γ
is the Williamson time constant and ¯̇γ denotes the shear rate. For µ∞ = 0 and small Γ¯̇γ, the
dominant shear-stress component under the lubrication approximation becomes

τ̄r̄z̄ = µ0

[︄
∂v̄3
∂r̄

+ Γ

(︃
∂v̄3
∂r̄

)︃2
]︄
. (8)

For signed y = ∂v3/∂r, the scalar closure in Eq. (23) is y +Wey2. The numerical check below
tests this reduced closure; an invariant-based shear-rate formulation requires a consistent y|y|
convention across changes of shear direction.

2.2. Electric potential and charge density

The electric potential satisfies Poisson’s equation,

1

r̄

∂

∂r̄

(︃
r̄
∂Φ̄

∂r̄

)︃
= − ρ̄e

ϵe
, (9)

where ϵe is the electric permittivity. Under the Debye–Huckel approximation,

ρ̄e = −ϵeκ2Φ̄, (10)

where κ−1 is the Debye length. Hence,

1

r̄

∂

∂r̄

(︃
r̄
∂Φ̄

∂r̄

)︃
= κ2Φ̄. (11)

The wall zeta-potential conditions are

Φ̄(a1) = ζ̄1, Φ̄(r̄2) = ζ̄2. (12)

2.3. Flexible-wall relation

The flexible outer wall is modelled as a stretched membrane with flexural rigidity, longitudinal
tension, inertia, viscous damping, and spring stiffness. The wall operator is

L∗ = A
∂4

∂z̄4
−B

∂2

∂z̄2
+ C

∂2

∂t̄2
+D

∂

∂t̄
+ EL, (13)
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where A, B, C, D, and EL denote flexural rigidity, longitudinal tension per unit width, mass per
unit area, viscous damping, and spring stiffness, respectively. At the flexible wall,

∂p̄

∂z̄
=

∂

∂z̄

(︃
A
∂4

∂z̄4
−B

∂2

∂z̄2
+ C

∂2

∂t̄2
+D

∂

∂t̄
+ EL

)︃
r̄2. (14)

In Eq. (26), wall time derivatives are evaluated in the laboratory frame before the transformation
in Eq. (15); the wall operator acts on the outer-wall displacement. The signed coefficients in Eq.
(27) are used as defined; positive plotted L2 values are treated as formal coefficient variations.

3. Non-dimensionalities and reduced governing equations

The fixed frame is transformed to the wave frame using

r̄ = R̄, z̄ = Z̄ − st̄, v̄1 = V̄1, v̄3 = V̄3 − s. (15)

In the wave frame, the dimensionless wall positions are

r1 = ϵ, r2 = 1 + ϕ sin(2πz), (16)

where
ϵ = a1/a2 and ϕ = b/a2.

The following non-dimensional variables and parameters are introduced:

r =
r̄

a2
, z =

z̄

L
, t =

st̄

L
, v1 =

Lv̄1
a2s

, v3 =
v̄3
s
,

p =
a22p̄

µ0sL
, τ =

a2τ̄

µ0s
, Φ =

Φ̄

ζ0
, δ =

a2
L
, Re =

ρsa2
µ0

,

We =
Γs

a2
, me = a2κ, Us = −ϵeEzζ0

µ0s
.

(17)

Here We is the Weissenberg number, me is the electroosmotic parameter, and Us is the dimen-
sionless Helmholtz–Smoluchowski velocity. The dimensionless electric-potential equation is

1

r

d

dr

(︃
r
dΦ

dr

)︃
= m2

eΦ, (18)

with
Φ(ϵ) = ζ1, Φ(r2) = ζ2, (19)

where
ζ1 = ζ̄1/ζ0 and ζ2 = ζ̄2/ζ0.

Using the long-wavelength approximation (δ ≪ 1) and the low-Reynolds-number approximation
(Re≪ 1), the governing equations reduce to

∂v1
∂r

+
v1
r

+
∂v3
∂z

= 0, (20)

∂p

∂r
= 0, (21)

∂p

∂z
=

1

r

∂

∂r
(rτrz) + Us

1

r

d

dr

(︃
r
dΦ

dr

)︃
, (22)

where

τrz =
∂v3
∂r

+We

(︃
∂v3
∂r

)︃2

. (23)

The no-slip conditions in the wave frame are

v3(ϵ) = −1, v3(r2) = −1. (24)

The dimensionless wall relation can be expressed as

∂p

∂z
= K(z, t), (25)
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where

K = L1
∂5r2
∂z5

+ L2
∂3r2
∂z3

+ L3
∂3r2
∂z∂t2

+ L4
∂2r2
∂z∂t

+ L5
∂r2
∂z

, (26)

and

L1 =
Aa32
µ0sL5

, L2 = − Ba32
µ0sL3

, L3 =
Csa32
µ0L3

, L4 =
Da32
µ0L2

,

L5 =
ELa

3
2

µ0sL
.

(27)

Combining Eqs. (18), (22), (23), and (25) yield the nonlinear axial-velocity equation

r
∂2v3
∂r2

+
∂v3
∂r

+We

(︃
∂v3
∂r

)︃2

+ 2rWe
∂v3
∂r

∂2v3
∂r2

= r(K − Usm
2
eΦ).

(28)

The approximation regime is δ ≪ 1, Re ≪ 1, 2π|ϕ|δ ≪ 1, and 0 < ϵ < 1 − |ϕ|. Debye–Hückel
linearization requires |ν|e max |ζ̄i|/(kBT ) ≪ 1, where ν is ion valence, e elementary charge, kB
the Boltzmann constant, T temperature, and ζ̄i dimensional wall potential. The perturbation
additionally requires χ = We max |∂v3/∂r| ≪ 1, normalized wall potentials and nominal We
alone do not establish this regime.

4. Analytical solution

4.1. Electric-potential distribution

Eq. (18) can be written as
d2Φ

dr2
+

1

r

dΦ

dr
−m2

eΦ = 0. (29)

For me ̸= 0, its solution is
Φ(r) = AeI0(mer) +BeK0(mer), (30)

where I0 and K0 are modified Bessel functions of the first and second kinds, respectively. The
constants are obtained from Eq. (19) as

∆e = I0(mer2)K0(meϵ)− I0(meϵ)K0(mer2), (31)

Ae =
ζ2K0(meϵ)− ζ1K0(mer2)

∆e
, (32)

Be =
ζ1I0(mer2)− ζ2I0(meϵ)

∆e
. (33)

4.2. Perturbation solution for axial velocity

Because Eq. (28) is nonlinear, a regular perturbation expansion is introduced for small We:

v3(r) = v03(r) +Wev13(r) +We2v23(r) +O(We3). (34)

The boundary conditions are

v03(ϵ) = −1, v03(r2) = −1, (35)

v13(ϵ) = 0, v13(r2) = 0, (36)

v23(ϵ) = 0, v23(r2) = 0. (37)

4.2.1. Zeroth-order solution

The zeroth-order equation is

r
d2v03
dr2

+
dv03
dr

= r(K − Usm
2
eΦ). (38)
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Using Eq. (18), the solution is

v03(r) =
K

4
r2 − UsΦ(r) + C0 ln r +D0, (39)

where
H = ln

(︂r2
ϵ

)︂
, (40)

C0 =
−K

4 (r
2
2 − ϵ2) + Us(ζ2 − ζ1)

H
, (41)

D0 = −1− K

4
ϵ2 + Usζ1 − C0 ln ϵ. (42)

4.2.2. First-order solution

The first-order equation is

r
d2v13
dr2

+
dv13
dr

= −(v′03)
2 − 2rv′03v

′′
03, (43)

where the prime denotes differentiation with respect to r. Let

S1(r) = −(v′03)
2 − 2rv′03v

′′
03. (44)

Then the first-order velocity correction is

v13(r) = J [S1](r)−
J [S1](r2)

H
ln
(︂r
ϵ

)︂
, (45)

where

J [S](r) =

∫︂ r

ϵ

1

ξ

(︃∫︂ ξ

ϵ
S(η) dη

)︃
dξ. (46)

4.2.3. Second-order solution

The second-order equation is

r
d2v23
dr2

+
dv23
dr

= −2v′03v
′
13 − 2r(v′03v

′′
13 + v′13v

′′
03). (47)

Let
S2(r) = −2v′03v

′
13 − 2r(v′03v

′′
13 + v′13v

′′
03). (48)

Thus,

v23(r) = J [S2](r)−
J [S2](r2)

H
ln
(︂r
ϵ

)︂
. (49)

An explicit equivalent of Eq. (49) is:

v23(r) = J [S2](r)−
[︃
J [S2](r2)

H

]︃
ln
(︂r
ϵ

)︂
(49a)

The approximate axial velocity is

v3(r) = v03(r) +Wev13(r) +We2v23(r) +O(We3). (50)

4.3. Shear stress and stream function

The dimensionless shear stress is
τrz = v′3 +We(v′3)

2. (51)

Using Eq. (34),
τrz = τ0 +Weτ1 +We2τ2 +O(We3), (52)

where
τ0 = v′03, (53)

τ1 = v′13 + (v′03)
2, (54)

τ2 = v′23 + 2v′03v
′
13. (55)
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The stream function is defined by

v1 = −1

r

∂ψ

∂z
, v3 =

1

r

∂ψ

∂r
. (56)

Taking ψ(ϵ, z, t) = 0, the stream function is

ψ(r, z, t) =

∫︂ r

ϵ
ξv3(ξ, z, t) dξ. (57)

Accordingly,
ψ = ψ0 +Weψ1 +We2ψ2 +O(We3),

ψj =

∫︂ r

ϵ
ξvj3(ξ, z, t) dξ, j = 0, 1, 2.

(58)

4.4. Limiting cases

The present model contains several physically meaningful limiting cases. When Us = 0, the
electroosmotic body force vanishes, and Eq. (28) reduces to the non-electroosmotic flexible
annular Williamson-fluid model. When We = 0, the model represents electroosmotic peristaltic
motion of a Newtonian viscous fluid. When the wall parameters are suppressed, the formulation
approaches the corresponding rigid-wall annular configuration.

For Us = 0, Eqs. (22) and (39) recover the local non-electroosmotic annular formulation asso-

ciated with [24]. For We = Us = 0, Eq. (39) gives v3 = −1 +
(︁
K
4

)︁ [︃ r2−ϵ2−(r22−ϵ2) ln( r
ϵ )

H

]︃
, with

H = ln
(︁
r2
ϵ

)︁
. At ϵ = 0.15, r2 = 1.10, and K = −10, its maximum is 0.236035 and the maximum

difference from an independent numerical solution is 2.02×10−12. A rigid-wall limit additionally
sets ϕ = 0 and specifies pressure gradient or flux.

4.5. Numerical accuracy check

A local benchmark of Eq. (28) uses ϵ = 0.15, r2 = 1.10, K = −10, me = 2, Us = 0.20,
and ζ1 = ζ2 = 1. With y = v′3, the independent boundary-value system is v′3 = y and y′ =[︃
K−Usm2

eΦ− y
r
−We y2

r

]︃
1+2Wey , with v3(ϵ) = v3(r2) = −1. Adaptive collocation uses tolerance 10−9 and

201 initial nodes; comparison uses 4001 radial points. Table 1 compares the zeroth-, first-, and
second-order profiles with this nonlinear solution. Ej is the maximum absolute velocity error
through order j, and R∞ is the maximum momentum residual of the second-order profile.

Table 1. Local accuracy of the perturbation approximation |K| = 10.

We χ E0 E1 E2 R∞/|K|

0.0000 0.0000 2.211e-12 2.211e-12 2.211e-12 2.309e-15
0.0025 0.0240 5.596e-03 1.905e-04 6.633e-06 1.183e-03
0.0050 0.0473 1.084e-02 7.394e-04 5.075e-05 9.306e-03
0.0100 0.0924 2.036e-02 2.799e-03 3.735e-04 7.213e-02
0.0200 0.1797 4.287e-02 1.020e-02 2.573e-03 5.474e-01
0.0400 0.3641 1.054e-01 3.600e-02 1.591e-02 4.140e+00

Refinement from 2001 to 4001 comparison points changes E2 at We = 0.01 by less than 10−12.
Independent integrated-stress quadrature agrees with the collocation solution within 2.30×10−12

on the finer grid. The E2 ratios 7.65 and 7.36 on successive doubling of small We are consistent
with the O(We3) remainder in Eq. (50). The larger error and residual at We = 0.04 delimit the
accuracy of this benchmark; the table does not establish convergence for arbitrary forcing or We.
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5. Results and Discussion

This section discusses the effects of electroosmotic forcing, Williamson rheology, wave amplitude,
annular geometry, and wall flexibility on the axial velocity, shear stress, and streamline pattern.
The main parameters are the Weissenberg number We, wave-amplitude ratio ϕ, electroosmotic
parameter me, Helmholtz–Smoluchowski velocity Us, wall zeta potentials ζ1 and ζ2, radius ratio
ϵ, and wall parameters L1 − L5. The parameter values are reported in the corresponding figure
captions.

5.1. Axial velocity

Figures 2 - 4 show the axial velocity distribution in the annular gap. The profiles satisfy the no-slip
condition at both boundaries and exhibit their largest values in the core region. This behaviour
is consistent with pressure-driven and peristaltic transport in confined annular geometries.

Figure 2 illustrates the influence of the Weissenberg number and the wave-amplitude ratio. In-
creasing We enhances the axial velocity in the core region because the nonlinear Williamson
contribution strengthens the shear-thinning response and reduces the effective flow resistance.
Increasing ϕ also raises the velocity, since a larger wave amplitude intensifies the peristaltic
pumping action and transfers more momentum to the fluid.

Figure 2. Axial velocity distribution v3(r) for different values of (a) the Weissenberg
number We and (b) the amplitude ratio ϕ. The fixed parameters are ϵ = 0.15, L1 = 0.1,
L2 = 0.5, L3 = 0.1, L4 = 0.1, L5 = 0.1, t = 0.1, z = 0.4, me = 2.0, Us = −0.20, and

ζ1 = ζ2 = 1.0.

Figure 3 presents the effects of the electroosmotic parameter and the outer-wall zeta potential.
For the selected direction of Us, increasing me strengthens the electroosmotic contribution in
the axial momentum equation and shifts the velocity profile upward. Similarly, increasing ζ2
increases the electric-potential contribution near the flexible wall and enhances electrokinetic
driving. These results show that zeta potential can serve as an effective control parameter for
electroosmotic peristaltic transport.

Figure 4 displays the effect of wall parameters. Variations in L1 − L5 alter the wall-induced
pressure-gradient termK and therefore change the axial velocity. The flexural-rigidity, longitudinal-
tension, inertia, damping, and spring-stiffness parameters modify the mechanical response of the
flexible wall and influence the fluid motion through the coupled wall-pressure relation.

5.2. Shear stress

Figures 5 − 7 show the radial distribution of shear stress. The shear stress is positive near the
inner wall and negative near the outer wall because the axial velocity reaches a maximum inside
the annular gap and its radial derivative changes sign across the channel.

Figure 5 shows that increasing me increases the magnitude of the shear stress. Stronger elec-
troosmotic forcing steepens the velocity gradient, which increases the positive stress near the

8



A. I. Abdellateef, Z. S. Ul Haque, TCMIS, Volume 5, October 2026, Article 10101

Figure 3. Axial velocity profile v3(r) for different values of (a) the electroosmotic
parameter me at ζ2 = 1.0 and (b) the outer-wall zeta potential ζ2 at me = 2.0. The
remaining parameters are ϵ = 0.12, ϕ = −0.12, We = 0.01, z = 0.25, t = 0, Us = 0.20,

ζ1 = 1.0, and (L1, L2, L3, L4, L5) = (0.1, 0.5, 0.1, 0.1, 0.1).

Figure 4. Axial velocity profile v3(r)for different wall-parameter combinations. Panel
(a) shows the effects of L1, L3, and L4; panel (b) shows the effects of L2, L4, and L5.

The remaining parameters are ϵ = 0.15, ϕ = 0.15, We = 0.01, z = 0.4, t = 0.1, me = 2.0,
Us = −0.20, and ζ1 = ζ2 = 1.0.

inner wall and the negative stress near the outer wall. Increasing We also increases the stress
magnitude through the nonlinear term We(v′3)

2 in Eq. (51).

Figure 5. Shear-stress distribution τrz for different values of (a) the electroosmotic
parameter me at fixed We = 0.01 and (b) the Weissenberg number We at fixed

me = 2.0.

Figure 6 demonstrates that the shear-stress magnitude increases with both ϕ and ϵ. A larger
wave amplitude strengthens the peristaltic mechanism and increases radial velocity gradients. A
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larger radius ratio narrows the annular gap, thereby increasing the velocity gradient required to
accommodate the same transport mechanism.

Figure 6. Shear-stress distribution τrz for different values of (a) the wave-amplitude
ratio ϕ and (b) the radius ratio ϵ. The remaining parameters are We = 0.01, me = 2.0,

Us = −0.20, ζ1 = ζ2 = 1.0, z = 0.4, and t = 0.1.

Figure 7 confirms that the wall parameters have a measurable effect on the shear-stress distribu-
tion. Changes in flexural rigidity, longitudinal tension, wall inertia, damping, and spring stiffness
alter the pressure-gradient term and consequently modify the boundary shear stress. This be-
haviour is relevant in physiological and microfluidic applications where wall shear stress must be
controlled.

Figure 7. Shear-stress distribution τrz for different wall-parameter combinations.
Panel (a) shows the effects of L1, L3, and L4; panel (b) shows the effects of L2, L4, and
L5. Insets show magnified regions of the curves. The remaining parameters are ϵ = 0.15,

ϕ = 0.15, We = 0.01, me = 2.0, Us = −0.20, ζ1 = ζ2 = 1.0, z = 0.4, and t = 0.1.

5.2.1. Compact quantitative comparison

Table 2 varies one input from the Section 4.5 baseline at We = 0.01. All other inputs remain
fixed. The reported values use the second-order solution, and q = ψ(r2) is the local wave-frame
flux integral in Eq. (57). Wall coefficients and wave amplitude enter throughK and r2; these local
comparisons supplement Figures 2–7 without reconstructing their original settings. Parameter
trends refer to the stated driving condition and signed stresses.

5.3. Streamlines and trapping

Figures 8 and 9 present the wave-frame streamlines. Closed streamlines indicate the formation of
trapped boluses that move with the peristaltic wave. Figure 8 shows that electroosmotic forcing
changes the size and shape of the trapped bolus by modifying the axial velocity distribution
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Table 2. Local parameter comparison and second-order velocity error.

Changed input max v3 τrz inner τrz outer q E2

Baseline 0.309409 10.075965 -4.356477 -0.089364 3.73e-04
Us = −0.2 0.168734 8.931032 -3.847114 -0.144975 2.38e-04
me = 4 0.386559 10.820216 -4.778793 -0.055794 4.86e-04
ζ2 = 2 0.358511 10.392515 -4.572935 -0.068922 4.15e-04
ϵ = 0.2 0.152595 8.286897 -4.147554 -0.144645 2.04e-04
r2 = 1.2 0.605435 11.662127 -4.795905 0.028480 6.70e-04
K = −15 0.933692 15.078079 -6.373234 0.153283 1.63e-03

and stream-function contours. Figure 9 indicates that increasing We strengthens the closed-
streamline pattern, reflecting the effect of Williamson rheology on bolus formation and recircu-
lation, the Figures also provide a qualitative comparison of stream-function contours. Physical
trapping is interpreted subject to impermeable-wall kinematics and constant wave-frame flux
q(z) = ψ(r2(z), z): v1(ϵ) = 0, v1(r2, z) = −dr2

dz , and
dq
dz = 0. Bolus-volume measurements are

outside the reported contour analysis. The trapping statements are subject to these compatibility
conditions.

Figure 8. Wave-frame streamlines for different values of the electroosmotic parameter
me. The solid curves represent contours of ψ(r, z), while the lower and upper boundaries

denote the inner rigid wall and flexible outer wall, respectively.

Overall, the results indicate that the axial velocity increases with We, ϕ, me, and ζ2 for the
selected parameter values. The shear-stress magnitude increases under stronger electroosmotic
forcing, larger Weissenberg number, larger wave amplitude, and larger radius ratio. The stream-
line patterns demonstrate that both electroosmosis and Williamson rheology can be used to
control trapping in a flexible annular channel.

A direct engineering analogue is a charged coaxial microchannel with a rigid inner insert and
an actuated compliant outer sleeve. Catheter or endoscope configurations provide geometric
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Figure 9. Wave-frame streamlines for different values of the Weissenberg number We.
The fixed parameters are ϵ = 0.12, ϕ = 0.12, L1 = 0.1, L2 = 0.5, L3 = 0.1, L4 = 0.1,

L5 = 0.1, t = 0, me = 2.0, Us = −0.20, and ζ1 = ζ2 = 1.0.

analogues under the stated approximation and rheological conditions. The results describe an
idealized analytical system and parameter-dependent responses, rather than a calibrated clinical
prediction.

6. Conclusions

An analytical formulation has been developed for electroosmotic peristaltic transport of a Williamson
fluid through a flexible annular channel. The main conclusions are as follows:

(i) The electroosmotic body force modifies the axial momentum equation through the electric-
potential distribution governed by the Debye–Huckel approximation.

(ii) The zeroth-order axial velocity contains a direct electroosmotic contribution, while the
first- and second-order Williamson corrections are affected through the modified velocity
gradients.

(iii) Increasing the electroosmotic parameter and wall zeta potential enhances the axial velocity
for the selected direction of the Helmholtz–Smoluchowski velocity.

(iv) The Weissenberg number increases both the axial velocity and the shear-stress magnitude,
confirming the importance of Williamson rheology.

(v) Wall elasticity parameters influence the pressure gradient, velocity distribution, shear stress,
and trapping structure.

The present formulation provides a compact framework for analysing electrokinetically controlled
peristaltic transport in annular microfluidic and physiological systems.
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