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The utilizing of bioassay techniques is common for examining how allelochemicals affect 

plant processes. In general, at higher allelochemical concentrations, processes are impeded, 

whereas at lower ones, they are boosted. A mathematical model is developed to analyse this 

kind of reaction. It is assumed that the response of the plant organism is proportional to the 

allelochemical dose. This plant response is studied for delayed allelochemical dose using time 

delay differential equation. The feasible non-zero equilibrium point is examined and the 

stability analysis is studied about the equilibrium point. The system is stable if the delay in 

allelochemical dose does not cross a fixed critical value. However, the system exhibits limit 

cycles via Hopf-bifurcation when delay parameter crosses the fixed critical value. 

Furthermore, in the situation that the diffusion coefficient transpires. Additionally, it exists 

within the event exhibiting the diffusion coefficient. Analytical results are supported by 

MATLAB. 

Keywords: Allelochemical, plant response, stability, delay parameter, hopf-bifurcation, time 

delay differential equation. 

1. Introduction 

Allelopathy refers to a chemical process that is dependent on the release of one or more chemicals into the 

environment. Allelopathy can be either stimulative or destructive. Allelopathy was described by Molisch [1] as 

any positive or negative biochemical interaction between microbes and plants of any complexity degree. Plant 

tissues include stems, foliage, origins, rhizomes, blossoms, fruit, and spores, contain chemicals that have the 

potential to be allelopathic; nevertheless, leaves and roots are the primary producers of allelochemicals studied by 

Rice [2]. Numerous processes, such as volatilization, the breakdown of plant wastes, and root exudates, can release 

allelochemicals into the environment from plants examined by Tukey [3,4], Rice [5], Putnam [6]. Lately, the 

responses of plants to allelochemicals have been theoretically described by modeling An et al. [7,8], Zhen and Ma 

[9] through the use of mathematical norms. 

For quantitatively measure reactions to chemical compounds at various doses in allelopathy research, bioassay 

methods are frequently employed. It has been observed that inhibition manifests at high concentrations while 

stimulation happens at low quantities observed by Lovett [10,11], and Liu and Lovett [12].  

Many allelochemical dosage responses are investigated utilising statistical comparison approaches like the Least 

Significant Difference examined by Paszkowki and Kremer [13], Toro et al. [14], Buta and Spaulding [15], 

Student's t test, and Duncan's Multiple Range Test by Leather and Einhellig [16] Stevens and Molyneux [17]. 

However, it may be statistically inefficient to utilize such approaches to analyze the data comprising a sequence 

of dose rates studied by Dawkins [18]. Nevertheless, the correlation between the allelochemical dosages and the 
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bioassay organism's responses is not necessarily linear. The reactions of plant growth and development to 

allelochemicals are primarily nonlinear, similar to many other biological processes. 

An et al. [19] theoretically analyzed and modeled the dynamics of allelochemicals released by living plants into 

the environment, as well as the phytotoxic effects of compounds released from plant residues during 

decomposition. However, the effect of allelochemicals is not immediate, but takes a maturation time. This period 

of maturation of allelochemicals is studied Dipesh and Kumar [20-22] by using delay differential equations. 

Horatmann examined the condition for instability [23]. Pang et al. investigated spatial patterns in the reaction-

diffusion model using various diffusion and reaction terms [24]. Paul and Ritson-Williams examined the most 

current marine chemical ecology literature on benthic cyanobacteria, macroalgae, sponges, octocorals, molluscs, 

other benthic invertebrates, fish, and seabirds [25]. Tian et al. investigated the spatial flow on allelopathy with 

cross diffusion [26]. There has been a great deal of effort done to examine the features of solutions to reaction-

diffusion systems that describe ecological models [27–29]. 

The aim of this paper is to investigate the relation of plant response with allelochemicals under what condition the 

plant response are stable, unstable. In addition, we calculate the wave number of different flow using nonlinear 

dynamics. 

Assumptions: 

• The suggested delay differential equation model represents the persistent release of allelochemicals from 

plant residues or root exudates, therefore reflecting a continuous supply of bioactive substances in the 

soil. 

• The addition of a delayed feedback term accounts for the time lag between allelochemical release, soil 

modifications, and subsequent reappearance in bioavailable form, which is consistent with documented 

lagged effects in allelopathic interactions. 

2. Mathematical model 

Let D a dose of an allelochemical, and 𝑻𝒄 the fixed response of untreated control in the bioassay. We may 

write 

                                        
𝑑𝐷

𝑑𝑡
= 𝑇𝑐 + 𝑓(𝐷).                                                                              (1) 

Here 𝑓(𝐷) is the effect of allelochemicals. 𝑓(𝐷) > 0 leads to stimulation and 𝑓(𝐷) < 0 causes inhibition. 

Considering 𝑓(𝐷) as a simple quadratic equation, we have 

                                            𝑓(𝐷) = 𝛽𝐷 − 𝛾𝐷2.                                                                            (2) 

 

Figure 1.  Allelochemical cycle response. 

Here 𝛽 is the rate of input of allelochemicals and 𝛾 is the rate of decay of allelochemicals. So, Eq. (1) becomes: 

                                                
𝑑𝐷

𝑑𝑡
= 𝑇𝑐 + 𝛽𝐷 − 𝛾𝐷2.                                                                           (3) 

As the effect of allelochemical dose is not immediate, but takes a maturation time, so a delay parameter 𝜏 is 

introduced in allelochemical dose. The Eq. (3) turns into delay differential equation, and can be finally written as: 
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𝑑𝐷

𝑑𝑡
= 𝑇𝑐 + 𝛽𝐷(𝑡 − 𝜏) − 𝛾𝐷2.                                                                   (4) 

2.1. Equilibrium point 

At the interior non-zero equilibrium point, we have 𝛽𝐷(𝑡 − 𝜏) ≈ 𝛽𝐷 

𝑑𝐷∗

𝑑𝑡
= 0 ⇒ 𝐷∗ =

𝛽±√𝛽2+4𝛾𝑇𝑐

2𝛾
 . 

These two values of allelochemical doses are responsible for stimulation and inhibition responses respectively. 

2.2. Stability of dose of allelochemicals 

Discuss the stability of the response of the plant organism is proportional to the allelochemical dose about the non-

zero equilibrium points, then Eq. (4) becomes: 

                                                
𝑑𝐷∗

𝑑𝑡
= 𝑇𝑐 + 𝛽𝐷∗(𝑡 − 𝜏) − 𝛾𝐷∗2.                                                                  (5) 

We assume a solution of the form 𝐷∗(𝑡) = 𝑒𝜆𝑡, and differentiating: 

𝑑

𝑑𝑡
𝑒𝜆𝑡 = 𝜆𝑒𝜆𝑡 . 

Putting the value in Eq. (5), we got: 

                                                𝜆𝑒𝜆𝑡 + 𝛾𝐷∗2𝑒𝜆𝑡 = 𝛽𝐷∗(𝑡 − 𝜏)𝑒𝜆𝑡 .                                                           (6) 

Divide Eq. (6) by 𝑒𝜆𝑡 , it becomes 

𝜆 + 𝛾𝐷∗2 = 𝛽𝑒−𝜆𝜏. 

The characteristic equation becomes  

                                          𝜆 = 𝛽𝑒−𝜆𝜏 − 𝛾𝐷∗2                                                                               (7) 

Let  𝜆 = 𝑖𝑎, then Eq. (7) become 

                                               𝑖𝑎 = 𝛽𝑒𝑖𝑎𝜏 − 𝛾𝐷∗2.                                                                             (8)  

Using the Euler formula  

𝑒𝑖𝑎𝜏 = cos(𝑎𝜏) − 𝑖 sin(𝑎𝜏) 

rewrite the Eq. (8), it becomes 

𝑖𝑎 = 𝛽(cos(𝑎𝜏) − 𝑖 sin(𝑎𝜏)) − 𝛾𝐷∗2. 

separate real and imaginary part: 

                                                 0 = 𝛽cos(𝑎𝜏) − 𝛾𝐷∗2,                                                                          (9) 

                                                 𝑎 = −𝛽sin(𝑎𝜏).                                                                              (10) 

From Eq. (9), we have  

𝛽cos(𝑎𝜏) = 𝛾𝐷∗2      

                                                                                 ⇒ cos(𝑎𝜏) =
𝛾

𝛽
𝐷∗2.                                                                              (11) 

For solution  |
𝛾

𝛽
𝐷∗2| ≤ 1, and from Eq. (10):  
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𝑎

𝛽
= −sin(𝑎𝜏).                                                                               (12) 

Adding the Eqs. (11) and (12), we got: 

(
𝛾

𝛽
𝐷∗2)

2

+ (
𝑎

𝛽
)

2

= 1, 

𝑎2 = 𝛽2 − 𝛾2𝐷∗4. 

For oscillation solution, we require a to be real 

𝛽2 > 𝛾2𝐷∗4. 

Case1: If 𝛽2 > 𝛾2𝐷∗4, the oscillation occurs with frequency 𝑎 = √𝛽2 − 𝛾2𝐷∗4. 

Case2: If 𝛽2 ≤ 𝛾2𝐷∗4, oscillations do not occur. If the term within the square root is non-positive, 𝜆 remains 

absolutely real. When 𝜆 is negative, the system experiences exponential decay and finally achieves a stable state. 

Case3: If 𝜆 > 0, then 𝐷∗(𝑡) increase over time and move towards unstable, when  

𝛽𝑒−𝜆𝜏 > 𝛾𝐷∗2. 

For example: When we take the parametric value: 𝛽 = 2, 𝛾 = 0.5, 𝐷∗ = 1,  then  

𝛾2𝐷∗4 = (0.5)2(1)4 

𝛽2 = 4. 

where 𝛽2 > 𝛾2𝐷∗4, oscillation occur, and the frequency is:  

𝑎 = √𝛽2 − 𝛾2𝐷∗4 ⇒ √3.75 ≈ 1.94 

Theorem1: Let 𝜆 be the root of the characteristic equation 𝜆 − 𝛽𝑒−𝜆𝜏 + 𝛾𝐷∗2 = 0, 

1.1 If  𝛽 > 𝛾, system shows the oscillatory behavior. 

1.2 If 𝛽 is small, the system shows the stability. 

1.3 There exists a threshold, when delay is greater than the threshold value, the system moves from stability to 

oscillation (Hopf-bifurcation). 

Proof: Let 𝑑(𝜆) = 𝜆 − 𝛽𝑒−𝜆𝜏 + 𝛾𝐷∗2, and from Eqs. (9) and (10), solving for 𝜏, 𝑎𝑛𝑑 𝑎. We get 

                                                                     𝜏𝑐 =
1

𝑎
𝑎𝑟𝑐𝑐𝑜𝑠 (

𝛾𝐷∗2

𝛽
).                                                                      (13) 

When delay cross the threshold value, a pair of purely imaginary roots emerges, towards hopf-bifurcation and 

oscillatory and periodic solution occurs. 

2.3. Transversality condition 

Differentiate implicitly the characteristic Eq. (7) with respect to 𝜏: 

𝑑𝜆

𝑑𝜏
− 𝛽𝑒−𝜆𝜏 (− 𝜏 𝑑𝜆

𝑑𝜏
 − 𝜆) = 0 

𝑑𝜆

𝑑𝜏
+ 𝛽𝑒−𝜆𝜏𝜏

𝑑𝜆

𝑑𝜏
+ 𝛽𝑒−𝜆𝜏𝜆 = 0 

𝑑𝜆

𝑑𝜏
(1 + 𝛽 𝜏 𝑒−𝜆𝜏) = −𝜆𝛽𝑒−𝜆𝜏 

𝑑𝜆

𝑑𝜏
=

−𝜆𝛽𝑒−𝜆𝜏

1 + 𝛽𝜏𝑒−𝜆𝜏
. 
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On simplification, we get: 

Re (
𝑑𝜆

𝑑𝜏
) =

𝜔2

(1+𝜏𝛾𝐷∗2)2+(𝜏𝜔)2 > 0. 

This is always positive. Hence, the transversality condition is satisfied. 

3. Numerical example 

To validate our theoretical conclusion, we do numerical simulations of the delay differential equation in MATLAB. 

We examine how different parameters values, namely 𝜏, 𝛽, 𝑎𝑛𝑑 𝛾, affect the systems stability and oscillatory 

dynamics. The values of parameter are 𝑇𝑐 = 0.01, 𝛽 = 0.9, 𝛾 = 0.0006. 

4. Result and discussion 

Figure 2 shows the stability of the behavior of testing organism when there is no dose of allelochemicals and 

behavior of testing organism remain stable (𝜏 = 0). Figure 3 complements this by presenting a phase portrait under 

the same no-delay conditions (τ = 0). The phase portrait visually depicts how the system’s trajectories evolve over 

time. Since there is no delay, all trajectories converge smoothly to the equilibrium, confirming that the system 

behaves predictably when unperturbed by external influences. Figure 4 introduces a delay (τ < 1.69999), which 

simulates the effect of a dose of allelochemicals on the organism. Initially, the system exhibits noticeable 

fluctuations—its state variables oscillate before settling down. These fluctuations indicate that the introduction of 

allelochemicals disturbs the system temporarily. However, the system eventually regains stability, a behavior 

known as asymptotic stability, where the fluctuations gradually diminish and the system returns to equilibrium 

over time. Figure 5 further maps out the region in the system’s parameter space where stability is maintained when 

the delay is below the critical value (τ < 1.69999). This figure emphasizes that, within this range, even though 

there might be some initial disturbances due to the allelochemicals, the overall behavior of the organism remains 

stable in the long run (𝜏 < 1.69999). Figure 6, the system does not simply return to a stable state; instead, it 

exhibits sustained periodic oscillations. This transition to periodic behavior is indicative of a Hopf-bifurcation, a 

type of bifurcation where a fixed point loses stability and gives rise to a limit cycle. In simpler terms, once the 

delay goes beyond this critical point, the testing organism’s behavior switches from a stable state to one with 

continuous, regular oscillations, highlighting a significant change in the system dynamics (𝜏 ≥ 1.69999). Figure 

7 represent the log scale view of behavior of testing organism when delay is greater than critical value, i.e. 

(τ≥1.69999).   

 

Figure 2.  The behavior of the testing organism when there is no delay, i.e., (𝜏 = 0). 
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Figure 3. The log phase of behavior of testing organism in the absence of delay, i.e., (𝜏 = 0). 

 
Figure 4. The asymptotic behaviour when delay is less then critical value, i.e. (𝜏 < 1.69999). 

 
Figure 5. The area of testing organism when delay is less then critical value, i.e. (τ<1.69999). 

 
Figure 6. The hopf-bifurcation when delay is greater than critical value, i.e. (𝜏 ≥ 1.69999). 
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Figure 7. The log phase of behavior of testing organism when delay is greater than critical value, i.e. (𝜏 ≥
1.69999). 

5. Conclusion 

The current research provides a precise mathematical framework for improved understanding of plant responses 

to allelochemicals after delayed exposure. According to the findings, all larger amounts hamper plant operations, 

while smaller quantities aid them. The delay differential equations show that the system remains stable throughout 

a range of delays about the non-zero equilibrium point. However, a Hopf-bifurcation shown when this limit is 

considerably surpassed, in addition to the system's transition from total stability to continuous oscillations. A 

thorough investigation of the stability indicates that the system remains in an ideal state when allelochemicals are 

absent (τ = 0). Fluctuations occur initially, followed by stabilisation at all values for delays smaller than 1.69999 

(τ < 1.69999). When the system reaches a certain threshold (τ > 1.69999), it begins to oscillate. This demonstrates 

a significant shift in how it operates. This delay mechanism permits allelochemicals to accumulate over time, hence 

increasing their influence on plant response. 

These findings emphasise the relevance of time-dependent aspects in plant-allelochemical interactions, providing 

insight into ecological modelling and agricultural management while also paving the way for future research on 

predictive control mechanisms in plant systems. 
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