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The importance of the behavior of thermodynamics and the movement of fluids in the present 

day, especially to improve the effectiveness of operations in the domains of medical and 

engineering sciences, e.g., cooling of microchips, lubrication, cancer treatment, drug delivery, 

and so on, cannot be emphasized enough. Hybrid nanofluids have been a subject of significant 

academic interest, considering their improved thermal conductivity and other properties 

related to the transport of energy, differentiating them from other fluid media. However, the 

complex nature of the hybrid nanofluids’ behavior, considering the impact of the modified 

Darcy principle, Lorentz force, Hall effects, activation energy, and Joule heating, has yet to 

be explored, especially for non-Newtonian fluids, i.e., Williamson fluids. The main goal is to 

investigate the peristaltic motion of a magnetohydrodynamic (MHD) Williamson hybrid 

nanofluid in a horizontal, permeable, asymmetric channel under a magnetic field. The 

Buongiorno nanofluid model is used to study the effects of thermophoresis and Brownian 

motion. The energy and concentration equations are derived by considering the effects of 

Joule heating, viscous dissipation, and activation energy. No-slip boundary conditions are 

applied at the channel boundaries. The lubrication approximation method is used, and the 

problem is solved using the homotopy perturbation method (HPM). Physical quantities are 

examined with the help of graphs and tables. The velocity increases with the Darcy parameter 

and Hall current parameter on both channel walls. However, the velocity decreases with the 

magnetic parameter. An increase in the values of the Brownian motion parameter and the 

thermophoresis parameter results in an increase in the temperature of the fluid. Similarly, an 

increase in the values of the activation energy parameter results in an increase in the 

concentration. In addition, the thermal properties of the hybrid nanofluid are superior to those 

of the standard nanofluid. The results obtained are applicable to thermal engineering, nuclear 

engineering, roller pumps, heat transfer devices, and chemical engineering. 

Keywords: Activation energy, modified Darcy’s law, nanofluid, MHD, peristaltic flow, 

Brownian and thermophoretic movement.  

1. Introduction 

Nanofluids have attracted a lot of interest in the field of biomedical engineering in recent years. Nanofluids, which 

are suspensions of nanoparticles in base fluids, have been widely used to improve thermal properties. In their 

study, Choi and Eastman coined the term “nanofluid” [1]. Researchers have started experimenting with mixing 
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different materials’ nanoparticles into a base fluid to enhance its thermal properties. Typical nanoparticle 

constituents include metals, carbides, and oxides, all of which have high thermal conductivities. In the meantime, 

ethanol, water, oil, and ethylene glycol are typical examples of base fluids. Nanofluids are now being used in a 

wide range of advanced biomedical research and therapy. In the nanofluid size spectrum, the ratio of particle 

surface area to particle volume is so high that interactions are controlled by short-range forces, such as surface 

forces and van der Waals attraction. Buongiorno [2] conducted a comprehensive analysis of convective transport 

phenomena in nanofluids and identified Brownian motion and thermophoresis as the principal mechanisms 

responsible for the marked enhancement in heat transfer. Subsequently, Tiwari and Das [3] investigated nanofluidic 

transport by incorporating the size of tiny materials, thermal conductivity, viscosity, and volume fraction into the 

nanofluid heat transfer mechanism. Although nanofluids exhibit significant potential, they are also associated with 

particular limitations regarding stability and thermal conductivity, which has led scholars to explore the properties 

of hybrid nanofluids. Hybrid nanofluids are composed of different types of nanoparticles and thus have improved 

thermophysical characteristics. Reddy and Makinde [4] explore the impact of MHD on the peristaltic mechanism 

of Jeffrey nanofluid over an asymmetric channel. Recently, Vaidya et al. [5, 6] investigated the behaviour of hybrid 

nanoparticle suspension in viscous blood flow in constricted arteries and concluded that the enhanced thermal 

properties of nanoparticles help to control the blood flow during the surgery. Divya et al. [7] proposed the study 

of Williamson hybrid nanofluid flow under the influence of a magnetic field and thermal radiation. Some recent 

investigations in this direction may also be observed through references [8, 9]. 

The physiological features of permeable media and their main implications in areas like metallurgy and 

geosciences have driven enhanced interest in the peristaltic mechanism. Samples of permeable media in biological 

systems contain arterial blockages, obstacles in brain cells, bile ducts, the bladder, and blood vessels. Although 

Darcy’s law is extensively used to tackle the impact of permeable media, its core application to flows of both 

viscous and non-Newtonian fluids is not realistic, as non-Newtonian fluids display physiological natures different 

from those of purely viscous materials. Subsequently, a modified skeleton of Darcy’s law that combines these 

rheological influences is critical for precisely portraying non-Newtonian flows in a permeable medium. Prior 

studies have engineered this rectification in the situation of non-Newtonian peristalsis via porous media [10, 11]. 

In biological and physiological contexts, understanding peristaltic motion under MHD effects is significant. In 

conductive fluids, a strong magnetic field produces electrical currents, which alter flow patterns. More equipment, 

such as blood pumps, heat exchangers, flow meters, and control generators, as well as medical applications 

including intraoperative blood flow regulation, magnetic tracer enhancement, and hyperthermia therapy, relies on 

MHD principles. Many magnetotherapy scenarios include non-Newtonian MHD flows. MHD-driven peristaltic 

studies frequently focus on processes such as urine transport through the ureter, blood circulation in arteries, and 

tissue or cellular changes. In the case of a strong magnetic field, the inspection of Hall’s influence becomes very 

significant. These effects have maximum application in many fields that encompass devices like power generators, 

magnetometers to measure the magnetic field, transformers, Hall current sensors, automotive fuel level indicators, 

magnetic situation sensing in DC electric motors, and spacecraft propulsion. Motivated by these applications, 

numerous researchers have examined MHD-influenced peristaltic transport across different geometries [12, 13]. 

Peristalsis is attributed to the rhythmic sequence of contractions and relaxations in the walls of a distensible 

channel, producing wave-like movements that drive the muscle-controlled transport of fluid. In biological systems, 

this mechanism plays a vital role in various physiological functions, such as propelling food through the 

oesophagus, moving chyme along the intestines, circulating intrauterine fluid, transporting bile, facilitating sperm 

motion in the male reproductive tract, and moving ova through the fallopian tubes. This natural pumping process 

has inspired the design of roller pumps, which allow fluid transport without direct contact with mechanical 

components, thereby minimizing contamination risks. The pioneering study on the peristaltic mechanism was 

carried out by Latham [14], laying the groundwork for its integration into contemporary medical technologies, 

including heart–lung machines, dialysis units, and both finger and roller pumps. Jaffrin and Shapiro [15] presented 

a foundational theoretical and experimental framework for peristaltic flow, while Rath [16] explored different 

forms of peristaltic waves and their distinct characteristics through experimental analysis. Furthermore, Srivastava 

and Srivastava [17] investigated the detailed dynamics of peristaltic motion using both experimental and 

theoretical approaches. More recent advancements in peristalsis research can be found in the works cited in [18, 

19]. 
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Pseudoplastic (shear-thinning) substances are a category of non-Newtonian fluids whose viscosity decreases with 

increasing shear rate, causing them to behave in a plastic-like manner. Common examples include ketchup, yogurt, 

whipped cream, molasses, nail polish, latex paint, and blood. Unlike ideal plastic fluids, pseudoplastic fluids 

exhibit no yield stress. A well-known mathematical representation of such behavior is the Williamson model, first 

proposed by Williamson [20]. In this model, the apparent viscosity begins at μ_0 under zero-shear conditions and 

progressively decreases to μ_∞ as the shear rate approaches infinity. The Williamson fluid model is often applied 

to analyze the influence of the Weissenberg number, which represents the ratio of elastic to viscous forces. Among 

the earliest studies on Williamson fluid peristaltic flow were those by Nadeem and Akram [21]. Eldabe et al. [22] 

elucidated the MHD peristaltic transport phenomena of a Williamson nanofluid within an asymmetrical channel, 

considering a non-permeable region, while integrating effects such as Hall phenomena, viscous dissipation, and 

Ohmic heating. Rashid et al. [23] utilized the HPM to resolve the momentum equation that governs the MHD 

peristaltic motion of Williamson fluid within a curved tubular configuration. A plethora of additional studies have 

also investigated the dynamics of various non-Newtonian fluid models [24-26]. 

The Swedish scientist Svante Arrhenius coined the phrase “activation energy” in 1889. It speaks of the bare 

minimum of energy needed for molecules or atoms to start a chemical reaction. Activation energy is important in 

chemical engineering, geothermal reservoirs, suspension emulsions, and water treatment procedures, especially in 

the heat and mass transfer related to binary chemical reactions. Bestman conducted the first research on activation 

energy in binary chemical processes [27]. Later, Hayat et al. [28] examined entropy generation and activation 

energy effects in the mixed convective peristaltic transport of Sutterby nanofluids. Maimona et al. [29] investigated 

activation energy in peristaltic flow through porous-walled channels, while Abdelmoneim et al. [30] explored 

Williamson nanoliquid flow incorporating activation energy under modified Darcy’s law. Furthermore, Waqas et 

al. [31] portray the combined effects of activation energy and bioconvection in second-grade nanoliquids. 

The existing literature witnessed that the complex behavior of the hybrid nanofluid, considering the effect of the 

modified Darcy principle, Lorentz force, Hall effects, activation energy, and Joule heating, still needs to be 

explored, particularly for non-Newtonian fluids, i.e., Williamson fluids. To bridge this existing research gap, the 

present investigation on the flow nature of a pseudoplastic hybrid nanofluid’s behavior has been categorized based 

on the Williamson fluid model. The fluid flow has been modeled by considering the fluid trapped within a 

horizontal channel with a peristaltic motion on the walls. The analysis considers the effect of an external magnetic 

field and Joule heating. Additionally, the channel has been embedded with a porous medium considering the 

advanced Darcy’s law, where the apparent viscosity of the shear thinning/thickening fluid has been considered 

instead of Newtonian fluid viscosity. To analyze the real-time fluid flow, the interaction between the nanoparticles 

has been considered. Additionally, the effect of chemical reactions with activation energy has been considered to 

analyze the chemical reactions under complex physical conditions. Overall, the study confirms that the collective 

improvement of thermal performance in peristaltic transport systems is achieved through hybrid nanoparticle 

dispersion, porous permeability, and non-Newtonian elasticity. These results highlight the potential of Williamson 

hybrid nanofluids for biomedical pumping mechanisms, microfluidic transport devices, and thermal management 

systems operating under MHD conditions. 

2. Problem definition 

This study examines the two-dimensional, electrically conducting peristaltic transport of a viscous, incompressible 

hybrid nanofluid through an asymmetric horizontal permeable channel, influenced under an externally applied 

magnetic field. The system is demonstrated by a Cartesian coordinate framework (𝑋̅, 𝑌̅), where 𝑋̅-axis aligns with 

the direction of flow and the 𝑌̅- axis is oriented normal to it. A schematic view of the physical configuration is 

shown in Fig. 1. A uniform magnetic field of intensity 𝐵0 acts normally in the direction of flow. The lower wall 

𝐻2
̅̅̅̅  is regulated at a fixed temperature 𝑇1 and solute concentration 𝐶1, while the upper wall 𝐻1

̅̅ ̅ is kept at a 

temperature 𝑇0 and  𝐶0, facilitating the analysis of heat and mass transfer processes. The mathematical descriptions 

of the upper and lower channel boundaries are defined as follows: 

𝐻1
̅̅ ̅(𝑋̅, 𝑡̅) =  𝑝1 + 𝑞1𝐶𝑜𝑠 [

2𝜋

𝜆
(𝑋̅ − 𝑐𝑡̅)] (1) 

𝐻2
̅̅̅̅ (𝑋̅, 𝑡̅) =  −𝑝2 − 𝑞2𝐶𝑜𝑠 [

2𝜋

𝜆
(𝑋̅ − 𝑐𝑡̅) + ϕ] (2) 
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In this context, 𝑝𝑖(𝑖 =  1, 2) and 𝑞𝑖(𝑖 =  1, 2) are denotes the upper and lower channel widths and wave 

amplitudes, respectively. the variable 𝑡̅ denotes the time, and ϕ is the phase difference taking the values between 

0 to π. If ϕ = 0 indicates that the waves are completely out of phase, whereas if ϕ = π corresponds to the waves 

being in phase. moreover, 𝑝𝑖 , 𝑞𝑖 and ϕ satisfied the condition 𝑞1
2 + 𝑞2

2 + 2𝑞1𝑞2𝐶𝑜𝑠ϕ ≤ (𝑝1 + 𝑝2)2. 

When an external magnetic field strength  𝐵0 interacts with the moving charged nanofluid particles within a 

channel, generating an electromotive force known as the Lorentz force. The generalized Ohm’s law expression of 

fluid flow with Hall current phenomena can be written as 

𝐽 = 𝜎ℎ𝑛𝑓(𝐸⃗⃗ + 𝑞⃗ × 𝐵⃗⃗) −
𝑚

𝐵0

(𝐽 × 𝐵⃗⃗) (3) 

Here, the variables are defined as follows: 𝑞⃗ = (𝑈, 𝑉,̅ 0) denotes the velocity vector, 𝜎ℎ𝑛𝑓 represents the effective 

electrical conductivity of the hybrid nanofluid,  𝐽 stands for the current density  𝐵⃗⃗ = (0,0, 𝐵0) is the magnetic field 

vector, 𝑚 is the Hall parameter, and 𝐸⃗⃗ corresponds to the electric field vector. 

The Maxwell’s MHD constraints are as follows: 

𝛻 × 𝐸⃗⃗ = −
𝜕𝐵⃗⃗

𝜕𝑡
, 𝛻. 𝐵⃗⃗ = 0, 𝛻. 𝐽 = 0. (4) 

By neglecting the applied and induced electric fields, the Lorentz force formulation can be made simpler, as 

follows:  

𝐽 × 𝐵⃗⃗ = (−
𝜎ℎ𝑛𝑓𝐵0

(1+𝑚2)
𝑈 ̅, −

𝜎ℎ𝑛𝑓𝐵0

(1+𝑚2)
𝑉̅). (5) 

 

Figure 1. Configuration of fluid flow problem. 

Based on the above assumptions, the equations are derived from various conservation laws, such as conservation 

of mass, momentum, energy, and nanoparticle concentration. The equation for conservation of mass is given by 

the continuity Eq. (6), where the conservation of an incompressible nanofluid is satisfied. The momentum Eqs. (7-

8), developed according to the Williamson fluid formulation, is used to describe the characteristics of a shear-

thinning fluid. The equation for conservation of energy (9) is employed to characterize the heat transfer behavior 

of the system. The equation for conservation of nanoparticle concentration (10) is developed according to the 

Buongiorno model, where Brownian motion and thermophoresis effects are taken into consideration. These basic 

equations that describe the flow behavior are presented below [21]: 

 
𝜕𝑈

𝜕𝑋̅
+

𝜕𝑉

𝜕𝑌̅
= 0 (6) 
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𝜌ℎ𝑛𝑓 (
𝜕

𝜕𝑡̅
+ 𝑈

𝜕

𝜕𝑋̅
+ 𝑉̅

𝜕

𝜕𝑌̅
) 𝑈 = −

𝜕𝑃̅

𝜕𝑋̅
+

𝜕𝜏𝑋̅̅𝑋̅

𝜕𝑋̅
+

𝜕𝜏𝑋̅̅𝑌̅

𝜕𝑌̅
−

𝜎ℎ𝑛𝑓𝐵0

(1 + 𝑚2)
𝑈 + 𝑅𝑋̅ (7) 

𝜌ℎ𝑛𝑓 (
𝜕

𝜕𝑡̅
+ 𝑈

𝜕

𝜕𝑋̅
+ 𝑉̅

𝜕

𝜕𝑌̅
) 𝑉̅ = −

𝜕𝑃̅

𝜕𝑌̅
+

𝜕𝜏𝑌̅̅𝑋̅

𝜕𝑋̅
+

𝜕𝜏𝑌̅̅𝑌̅

𝜕𝑌̅
−

𝜎ℎ𝑛𝑓𝐵0

(1 + 𝑚2)
𝑉̅ + 𝑅𝑌̅ (8) 

(𝜌𝑐𝑃)ℎ𝑛𝑓 (
𝜕

𝜕𝑡̅
+ 𝑈

𝜕

𝜕𝑋̅
+ 𝑉̅

𝜕

𝜕𝑌̅
) 𝑇̅ =  𝑘ℎ𝑛𝑓 (

𝜕2𝑇̅

𝜕𝑌̄2 +
𝜕2𝑇̅

𝜕𝑋̄2) + (𝜌𝑐)𝑓 (𝐷𝐵 (
𝜕𝐶̅

𝜕𝑋̅

𝜕𝑇̅

𝜕𝑋̄
+

𝜕𝐶̅

𝜕𝑌̄

𝜕𝑇̅

𝜕𝑌̄
) +

 𝐷𝑇

𝑇1
[(

𝜕𝑇̅

𝜕𝑋̄
)

2

+

(
𝜕𝑇̅

𝜕𝑌̄
)

2

]) +
𝜎ℎ𝑛𝑓𝐵0

2

(1+𝑚2)
𝑈2 + 𝑄0 + 𝜏𝑋̅̅𝑋̅

𝜕𝑈

𝜕𝑋̅
+ 𝜏𝑌̅̅𝑌̅

𝜕𝑉

𝜕𝑌̅
+ 𝜏𝑋̅̅𝑌̅ (

𝜕𝑈

𝜕𝑌̅
+

𝜕𝑉

𝜕𝑋̅
)  

(9) 

(
𝜕

𝜕𝑡̅
+ 𝑈

𝜕

𝜕𝑋̅
+ 𝑉̅

𝜕

𝜕𝑌̅
) 𝐶̅ = 𝐷𝐵 (

𝜕2𝐶̅

𝜕𝑌̄2 +
𝜕2𝐶̅

𝜕𝑋̄2) +
𝐷𝑇

𝑇1
(

𝜕2𝑇̅

𝜕𝑌̄2 +
𝜕2𝑇̅

𝜕𝑋̄2) − 𝐴 (
𝑇

𝑇1
)

𝑛

𝐸𝑥𝑝 [
−𝐸𝑎

𝑘𝐵𝑇
] (𝐶 − 𝐶0).    (10) 

The stress components for the Williamson fluid are provided by. 

𝜏𝑋̅̅𝑋̅ = 2𝜇ℎ𝑛𝑓(1 + Γ𝛾)
𝜕𝑈

𝜕𝑋̅
  (11) 

𝜏𝑋̅̅𝑌̅ = 𝜏𝑌̅̅𝑋̅ = 𝜇ℎ𝑛𝑓(1 + Γ𝛾) (
𝜕𝑈̅

𝜕𝑌̅
+

𝜕𝑉

𝜕𝑋̅
)  (12) 

𝜏𝑌̅̅𝑌̅ = 2𝜇ℎ𝑛𝑓(1 + Γ𝛾)
𝜕𝑉̅

𝜕𝑌̅
 (13) 

Where 𝛾 = √(
𝜕𝑈

𝜕𝑌̅
+

𝜕𝑉

𝜕𝑋̅
)

2

+ 2 ((
𝜕𝑈

𝜕𝑋̅
 )

2

+ (
𝜕𝑉

𝜕𝑌̅
 )

2

) 

The altered Darcy’s law, linking pressure drop to the velocity field, is a key element of the conventional model for 

porous media. It connects the decrease in pressure across the medium to the medium’s permeability and the 

viscosity of the fluid. Concerning this issue, the Darcy resistances in component form are expressed by 

𝑅𝑋̅ = −
𝜇ℎ𝑛𝑓

𝑘∗
(1 + Γ𝛾)𝑈  (14) 

𝑅𝑌̅ = −
𝜇ℎ𝑛𝑓

𝑘∗
(1 + Γ𝛾)𝑉̅  (15) 

Here, denotes the permeability of the porous medium 𝑘∗, and 𝜇ℎ𝑛𝑓 represents the dynamic viscosity of the hybrid 

nanofluid. It is observed that in the instance of Newtonian fluids, i.e., Γ = 0, the modified Darcy’s term will revert 

to its conventional Darcy’s porous term. 

The suitable boundary constraints in dimensional form are  

𝑈 = 0, 𝑇̅ = 𝑇0, 𝐶̅ = 𝐶0, at 𝑌̅ = 𝐻1
̅̅ ̅ (16) 

𝑈 = 0, 𝑇̅ = 𝑇1, 𝐶̅ = 𝐶1, at 𝑌̅ = 𝐻2
̅̅̅̅  (17) 

The physiological characterizations of hybrid nanofluid as given in Eq. (18) and Numerical values of physiological 

characterizations of base fluid, and nanoparticles are mentioned in Table 1. 

Table 1. Thermophysical properties of hybrid nanoparticles. 

Properties 𝐴𝑙2𝑂3 𝐻2𝑂 𝐶2𝐻6𝑂2 

𝜌 (
𝑘𝑔

𝑚3)   6320 997 1116.6 

𝐶𝑝 (
𝐽

𝑘𝑔𝐾
)   765 4179 2382 

𝐾 (
𝑊

𝑚𝐾
)  76.5 0.607 0.254 

𝜎 (
𝑆

𝑚
)  35 × 106 0.05 1.07× 10−7 
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{ 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

} 

 

𝜇ℎ𝑛𝑓

𝜇𝑓

=
1

(1 − 𝜙1)2.5(1 − 𝜙2)2.5
 

 

𝜌ℎ𝑛𝑓

𝜌𝑓

= (1 − ϕ2) [(1 − ϕ1) + 𝜙1

𝜌𝑛1

𝜌𝑓

] + 𝜙2

𝜌𝑛2

𝜌𝑓

, 

   

(𝜌𝑐𝑝)
ℎ𝑛𝑓

(𝜌𝑐𝑝)
𝑓

= (1 − ϕ2) [(1 − ϕ1) + 𝜙1

(𝜌𝑐𝑝)
𝑛1

(𝜌𝑐𝑝)
𝑓

] + 𝜙2

(𝜌𝑐𝑝)
𝑛2

(𝜌𝑐𝑝)
𝑓

, 

   

𝑘ℎ𝑛𝑓 =
𝑘𝑛2 + 2𝑘𝑛𝑓 − 2𝜙2(𝑘𝑛𝑓 − 𝑘𝑛2)

𝑘𝑛2 + 2𝑘𝑛𝑓 + 𝜙2(𝑘𝑛𝑓 − 𝑘𝑛2)
𝑘𝑛𝑓 where 𝑘𝑛𝑓 =

𝑘𝑛1 + 2𝑘𝑓 − 2𝜙1(𝑘𝑓 − 𝑘𝑛1)

𝑘𝑛1 + 2𝑘𝑓 + 𝜙1(𝑘𝑓 − 𝑘𝑛1)
𝑘𝑓 

𝜎ℎ𝑛𝑓 =
𝜎𝑛2 + 2𝜎𝑛𝑓 − 2𝜙2(𝜎𝑛𝑓 − 𝜎𝑛2)

𝜎𝑛2 + 2𝜎𝑛𝑓 + 𝜙2(𝜎𝑛𝑓 − 𝜎𝑛2)
𝜎𝑛𝑓 where  𝜎𝑛𝑓 =

𝜎𝑛1 + 2𝜎𝑓 − 2𝜙1(𝜎𝑓 − 𝜎𝑛1)

𝜎𝑛1 + 2𝜎𝑓 + 𝜙1(𝜎𝑓 − 𝜎𝑛1)
𝜎𝑓 , 

(18) 

Flow is erratic in fixed frames (𝑋̅, 𝑌̅), whereas motion is continuous in wave frames (𝑥̅, 𝑦̅). The relationship 

between the fixed and wave frames is described as 

𝑣̅ = 𝑉̅, 𝑢̅ = 𝑈 − 𝑐, 𝑦̅ = 𝑌̅, 𝑥̅ = 𝑋̅ − 𝑐𝑡̅, 𝑝̅(𝑥̅, 𝑦̅) = 𝑃̅(𝑋̅, 𝑌̅, 𝑡̅), 𝑇(𝑥̅, 𝑦̅) = 𝑇̅(𝑋̅, 𝑌̅, 𝑡̅), 

𝐶(𝑥̅, 𝑦̅) = 𝐶̅(𝑋̅, 𝑌̅, 𝑡̅). (19) 

The dimensionless parameters are given below: 

𝑥 =
𝑥̅

𝜆
 ,𝑦 =

𝑦̅

𝑝1
 , 𝑢 =

𝑢

𝑐
 ,𝑣 =

𝑣̅

𝑐𝛿
 , 𝑝 =

𝑝̅𝑝1
2

𝜆𝜇𝑓𝑐
 , 𝜀1 =

𝑞1

𝑝1
 , 𝜀2 =

𝑞2

𝑝1
, 𝑑 =

𝑝2

𝑝1
, 𝛿 =

𝑝1

𝜆
 ,𝑅𝑒 =

𝜌𝑐𝑝1

𝜇𝑓
, 

𝑀𝑛 = 𝐵0𝑝1√
𝜎𝑓

𝜇𝑓
,𝜃 =

𝑇−𝑇0

𝑇1−𝑇0
, Ω =

𝐶−𝐶0

𝐶1−𝐶0
, 𝑃𝑟 =

𝜇𝑓(𝑐𝑝)
𝑓

𝑘𝑓
, 𝐸𝑐 =

𝑐2

(𝑐𝑝)
𝑓

(𝑇1−𝑇0)
 , 𝑁𝑡 =

(𝜌𝑐)𝑓𝐷𝑇(𝑇1−𝑇0)

𝑘𝑓𝑇1
, 

𝑁𝑏 =
(𝜌𝑐)𝑓𝐷𝐵(𝐶1−𝐶0)

𝑘𝑓
, 𝜏𝑖𝑗 =

𝜏̅𝑖𝑗𝑝1

𝜇𝑓𝑐
, ℎ1 =

𝐻1̅̅ ̅̅

𝑝1
  , ℎ2 =

𝐻2̅̅ ̅̅

𝑝1
 , 𝑆 =

𝑄0𝑝1
2

(𝑇1−𝑇0)𝑘𝑓
 , Ka =

𝐴𝑝1
2

𝜗𝑓
 , 

 

𝑆𝑐 =
𝜗𝑓

𝐷𝐵
, 𝐸𝑎 =  

𝐸𝑎

𝑘𝐵𝑇1
 , 𝛽 =

𝑇1

𝑇0
 ,  𝐵𝑟 = 𝐸𝑐𝑃𝑟, 𝑊𝑒 =

Γ𝑐

𝑝1
, 𝐷𝑎 =

𝑘∗

𝑝1
2 . (20) 

 

considering the stream function 𝜓 associated with the velocity components 𝑢 and 𝑣 by  

𝑢 =
𝜕𝜓

𝜕𝑦
, 𝑣 = −𝛿

𝜕𝜓

𝜕𝑥
 (21) 

The use of dimensionless quantities, Eq. (20), and taking into account the low Reynolds number and long wavele

ngth approximations, the dimensionless governing equations look like this 

𝜕𝑝

𝜕𝑥
=

𝜕

𝜕𝑦
[𝑥1 (1 + 𝑊𝑒

𝜕2𝜓

𝜕𝑦2)
𝜕2𝜓

𝜕𝑦2] −
𝑥2

1+𝑚2 𝑀𝑛2 (
𝜕𝜓

𝜕𝑦
+ 1) −

1

𝐷𝑎
(

𝜕𝜓

𝜕𝑦
+ 1) (1 + 𝑊𝑒

𝜕2𝜓

𝜕𝑦2)  (22) 

𝜕𝑝

𝜕𝑦
= 0  (23) 

𝜕2𝜃

𝜕𝑦2 +
𝑁𝑏

𝑥3
(

𝜕θ

𝜕𝑦

𝜕Ω

𝜕𝑦
) +

𝑁𝑡

𝑥3
(

𝜕θ

𝜕𝑦
)

2

+
1

𝑥3

𝑥2

1+𝑚2 𝑀𝑛2𝐵𝑟 (
𝜕𝜓

𝜕𝑦
+ 1)

2

+
1

𝑥3
𝑆 + 𝐵𝑟 [𝑥1 (1 + 𝑊𝑒

𝜕2𝜓

𝜕𝑦2)
𝜕2𝜓

𝜕𝑦2]
𝜕2𝜓

𝜕𝑦2 = 0  (24) 

𝜕2Ω

𝜕𝑦2 +
𝑁𝑡

𝑁𝑏

𝜕2𝜃

𝜕𝑦2 − Ka 𝑆𝑐(1 + (𝛽 − 1)𝜃)𝑛𝐸𝑥𝑝 [
−𝐸𝑎

1+(𝛽−1)𝜃
] Ω = 0  (25) 
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Also, 𝑥1 =
𝜇ℎ𝑛𝑓

𝜇𝑓
, 𝑥2 =

𝜎ℎ𝑛𝑓

𝜎𝑓
, and 𝑥3 =

𝑘ℎ𝑛𝑓

𝑘𝑓
. 

The boundary conditions in non–dimensional form are 

𝜓 = −
𝐹

2
,

𝜕𝜓

𝜕𝑦
= −1, 𝜃 = 0, 𝛺 = 0   𝑎𝑡  𝑦 = ℎ1  (26) 

𝜓 =
𝐹

2
,

𝜕𝜓

𝜕𝑦
= −1, 𝜃 = 1, 𝛺 = 1   𝑎𝑡  𝑦 = ℎ2  (27) 

with wall shapes ℎ1 = 1 + 𝜀1𝐶𝑜𝑠(𝑥) , ℎ2 = −𝑑 − 𝜀2𝐶𝑜𝑠(𝑥 + ϕ) 

The non - dimensional volume flow rate 𝐹 in the wave frame is determined as 

𝐹 = ∫
𝜕𝜓

𝜕𝑦
𝑑𝑦

ℎ1

ℎ2
  (28) 

and is associated with the dimensionless mean flow rate Φ in the moving frame, is given by 

 𝐹 = Φ − 1 − 𝑑. 

2.1. Solution methodology 

HPM, a powerful technique for solving both linear and nonlinear differential and integral equations, was creatively 

introduced by He (1999). Unlike other perturbation techniques, the HPM employs the homotopy concept and 

introduces some topological elements into the perturbation techniques. The homotopy function is given by 

ℎ̂(𝑥̂, 𝑞̂): Ω × [0,1] → ℜ , where 𝑞̂ ∈ [0,1] is used as an embedding parameter in the analysis. One of the 

distinguishing features of the HPM is that it converges rapidly without a small parameter in the homotopy equation. 

Key Highlights of HPM: 

• It unifies the classical perturbation method with the homotopy concept of topology. 

• It does not need a perturbation parameter to be small, which is a requirement of the classical perturbation 

methods. 

• It converts a nonlinear differential equation into a series of simpler linear equations. 

• It represents the solution in the form of a rapidly convergent power series in the embedding parameter 𝑞̂. 

• It gives analytical or semi-analytical approximate solutions with high accuracy. 

• It has been successfully applied to a wide range of nonlinear fluid flow, heat transfer, and boundary layer 

problems. 

 

Figure 2. Flow chart for the solution procedure of HPM. 
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Now, Eqs. (22, 24) can be rewritten as 

𝜕4𝜓

𝜕𝑦4 + 𝐴1 [
𝜕2𝜓

𝜕𝑦2

𝜕4𝜓

𝜕𝑦4 + (
𝜕3𝜓

𝜕𝑦3)
2

] − 𝐴2
𝜕2𝜓

𝜕𝑦2 − 𝐴3 [
𝜕3𝜓

𝜕𝑦3 +
𝜕𝜓

𝜕𝑦

𝜕3𝜓

𝜕𝑦3 + (
𝜕2𝜓

𝜕𝑦2)
2

] = 0  (29) 

𝜕2θ

𝜕𝑦2 + 𝐴4
𝜕θ

𝜕𝑦

𝜕Ω

𝜕𝑦
+ 𝐴5 (

𝜕θ

𝜕𝑦
)

2

+ 𝐴6 (
𝜕𝜓

𝜕𝑦
+ 1)

2

+ 𝐴7 (
𝜕2𝜓

𝜕𝑦2)
2

+ 𝐴8 (
𝜕2𝜓

𝜕𝑦2)
3

+ 𝐴9  = 0  (30) 

Using the assumption of small temperature variations, the nonlinear term in the activation energy is linearized 

using the Taylor series expansion. This linearizes the exponential term up to the first-order terms, and the equation 

is reduced to a tractable form to solve it using the HPM. That is, assuming the (𝛽 − 1) ≪ 1  and apply the Taylor 

series expansion [11], Eq. (25) can be written as: 

𝜕2Ω

𝜕𝑦2 +
𝑁𝑡

𝑁𝑏

𝜕2𝜃

𝜕𝑦2 − 𝐾𝑎𝑆𝑐(1 + 𝑛(𝛽 − 1)𝜃)𝐸𝑥𝑝[−𝐸𝑎](1 + 𝐸𝑎(𝛽 − 1)𝜃)Ω = 0  (31) 

Again, assuming the (𝛽 − 1) ≪ 1  and apply the Taylor series expansion, Eq. (31) becomes 

𝜕2Ω

𝜕𝑦2 + 𝐹10
𝜕2𝜃

𝜕𝑦2 − Ka𝑆𝑐𝐸𝑥𝑝[−𝐸𝑎](1 + (𝑛 + 𝐸𝑎)(𝛽 − 1)𝜃)Ω = 0  (32) 

Now, Eq. (32) can be written as follows: 

𝜕2Ω

𝜕𝑦2 + 𝐴10
𝜕2𝜃

𝜕𝑦2 − 𝐴11 Ω − 𝐴12 Ω𝜃 = 0  (33) 

In Eqs. (29), (30) and (33) 

𝐴1 = 2𝑊𝑒, 𝐴2 = (
𝑥2𝑀𝑛2

𝑥1(1+𝑚2)
+

1

𝐷𝑎 𝑥1
), 𝐴3 =

𝑊𝑒

𝐷𝑎 𝑥1
, 𝐴4 =

𝑁𝑏

𝑥3
, 𝐴5 =

𝑁𝑡

𝑥3
, 𝐴6 =

𝑥2

𝑥3(1+𝑚2)
𝑀𝑛2𝐵𝑟, 

 𝐴7 = 𝐵𝑟𝑥1, 𝐴8 = 𝐵𝑟𝑥1𝑊𝑒, 𝐴9 =
1

𝑥3
𝑆, 𝐴10 =

𝑁𝑡

𝑁𝑏
, 𝐴11 = 𝐾𝑎𝑆𝑐𝐸𝑥𝑝[−𝐸𝑎],  

𝐴12 = 𝐾𝑎𝑆𝑐𝐸𝑥𝑝[−𝐸𝑎](𝑛 + 𝐸𝑎)(𝛽 − 1). 

In HPM, the homotopy for the stream function (29), temperature (30), and concentration profiles (33) is as given 

below: 

ℎ̂(𝜓, 𝑞̂) = (1 − 𝑞̂)[𝐿̂1(𝜓) − 𝐿̂1(𝜓0)] + 𝑞̂ [𝐿̂1(𝜓)+𝐴1 [
𝜕2𝜓

𝜕𝑦2

𝜕4𝜓

𝜕𝑦4 + (
𝜕3𝜓

𝜕𝑦3)
2

] − 𝐴2
𝜕2𝜓

𝜕𝑦2 −

𝐴3 [
𝜕3𝜓

𝜕𝑦3 +
𝜕𝜓

𝜕𝑦

𝜕3𝜓

𝜕𝑦3 + (
𝜕2𝜓

𝜕𝑦2)
2

]]  
(34) 

ℎ̂(𝜃, 𝑞̂) = (1 − 𝑞̂)[𝐿̂2(𝜃) − 𝐿̂2(𝜃0)] + 𝑞̂ [𝐿̂2(𝜃) + 𝐴4
𝜕θ

𝜕𝑦

𝜕Ω

𝜕𝑦
+ 𝐴5 (

𝜕θ

𝜕𝑦
)

2

+ 𝐴6 (
𝜕𝜓

𝜕𝑦
+ 1)

2

+ 𝐴7 (
𝜕2𝜓

𝜕𝑦2)
2

+

𝐴8 (
𝜕2𝜓

𝜕𝑦2)
3

+ 𝐴9]  
(35) 

ℎ̂(Ω, 𝑞̂) = (1 − 𝑞̂)[𝐿̂2(Ω) − 𝐿̂2(Ω0)] + 𝑞̂ [𝐿̂2(Ω) + 𝐴10
𝜕2𝜃

𝜕𝑦2 − 𝐴11 Ω − 𝐴12 Ω𝜃]  (36) 

For our convenience, we utilize the linear operators 𝐿̂1 = (
𝜕4

𝜕𝑦4), 𝐿̂2 = (
𝜕2

𝜕𝑦2). The initial estimates for the aforesaid 

equations that meet the boundary constraints can be articulated as follows: 

𝜓0 = 𝐵1 + 𝐵2𝑦 + 𝐵3𝑦2 + 𝐵4𝑦3  

𝜃0 = 𝐵5 + 𝐵6𝑦,  Ω0 = 𝐵5 + 𝐵6𝑦  (37) 
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where, 𝐵1 =
𝐹ℎ1

3−3𝐹ℎ1
2ℎ2+2ℎ1

3ℎ2+𝐹ℎ2
3−3𝐹ℎ2

2ℎ1+2ℎ2
3ℎ1

2(ℎ1−ℎ2)3  , 𝐵2 =
−2ℎ1

3+12𝐹ℎ1ℎ2−6ℎ1
2ℎ2+6ℎ2

2ℎ1+2ℎ2
3

2(ℎ1−ℎ2)3   

𝐵3 =
−6𝐹ℎ1+6ℎ1

2−6𝐹ℎ2−6ℎ2
2

2(ℎ1−ℎ2)3  , 𝐵4 =
4𝐹−4ℎ1+4ℎ2

2(ℎ1−ℎ2)3   , 𝐵5 =
ℎ1

ℎ1−ℎ2
, 𝐵6 = −

1

ℎ1−ℎ2
 

For a complete solution, the following series is constructed: 

𝜓(x, y) = 𝜓0 + 𝑞̂𝜓1 + 𝑞̂2𝜓2 + ⋯  (38) 

𝜃(x, y) = 𝜃0 + 𝑞̂𝜃1 + 𝑞̂2𝜃2 + ⋯  (39) 

Ω(x, y) = Ω0 + 𝑞̂Ω1 + 𝑞̂2Ω2 + ⋯  (40) 

By substituting Eqs. (38-40) into Eqs. (34-26) and then equating the coefficients of 𝑞̂, a set of equations is 

established along with the appropriate boundary conditions. Following the techniques of the HPM, we obtain series 

solutions for the functions 𝜓(y), 𝜃(y), and Ω(y) as 𝑞̂ → 1. The computational software Mathematica version 13.3 

is utilized to solve this system of equations. 

The formulae for Nusselt number (Nu) and Sherwood number (Sh) are obtained as follows: 

Nu𝑖 = ℎ𝑖′
𝜕θ

𝜕𝑦
|

𝑦=ℎ𝑖

  (41) 

Sh𝑖 = ℎ𝑖
′ 𝜕Ω

𝜕𝑦
|

𝑦=ℎ𝑖

  where 𝑖 = 1,2. 

3. Validation of results 

Fig. 3 presents a comparison between the current standard results and the approximate solutions from the 

previously described study. For 𝑀𝑛 → 0, 𝜙1 = 𝜙2 = 0, 𝐷𝑎 → ∞ and 𝑚 = 0, the velocity profiles for the current 

model are displayed and evaluated against the results of Nadeem and Akram [21]. A good correlation between the 

current results and those of Nadeem and Akram [21] can be found in Fig. 3, which is enough to indicate that the 

current model and results are validated. 

 
Figure 3. Validation of the velocity profile data from Nadeem and Akram [21] and the current model. 

4. Results and discussions 

The resulting linked nonlinear equations cannot be resolved analytically for an accurate solution. As a result, a 

semi–analytical method known as HPM is used to obtain approximate solutions. Visual representations of fluid 

flow properties are then generated for various parameters (refer to Table 2), such as velocity, temperature, 

concentration, trapping phenomenon, heat transfer coefficient (Nusselt number), and mass transfer coefficient 

(Sherwood number). These visualizations are obtained using DSolve commands built into Mathematica computer 
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software. Furthermore, this study aims to compare models in the presence of 𝐶2𝐻6𝑂2/𝐴𝑙2𝑂3, and 𝐻2𝑂 −

 𝐶2𝐻6𝑂2/𝐴𝑙2𝑂3 models in the presence of various nanoparticles. Also, if 𝜙1 = 𝜙2 = 0 corresponds to pure 𝐴𝑙2𝑂3, 

𝜙1 = 0.01, 𝜙2 = 0 for 𝐶2𝐻6𝑂2/𝐴𝑙2𝑂3 (nanoparticle), and 𝜙1 = 0.01, 𝜙2 = 0.02 for 𝐻2𝑂 −  𝐶2𝐻6𝑂2/𝐴𝑙2𝑂3  

(hybrid nanoparticles).  

Table 2. The description of physical parameters with range of values used for analysis [11, 21]. 

Parameter Description Range of 

values 

𝑹𝒆 It defines the proportion between inertial effects and viscous effects. [0 - 1] 

𝑴𝒏 It expresses the ratio of magnetic forces to viscous forces within the flow. [0 - 5] 

𝑫𝒂 It indicates the fluid behavior through a porous medium. [0 - 0.5] 

𝑷𝒓 It describes the relative strength of momentum diffusion compared to thermal diffusion. [0 – 10] 

𝑬𝒄 It represents the proportion of kinetic energy to the enthalpy differences. [0 – 2] 

𝑵𝒃 It characterizes the influence of Brownian motion on nanoparticle motion. [0 – 1] 

𝑵𝒕 It evaluates the influence of temperature gradients on nanoparticle motion. [0 – 1] 

𝑩𝒓 It denotes the relative importance of viscous dissipation compared to heat conduction in 

a fluid. 

[0 -0.5] 

𝑺𝒄 It represents the ratio of momentum diffusivity to the mass diffusivity in a fluid. [0 – 2] 

𝑬𝒂 It is the minimum energy required for molecules to initiate a chemical reaction or mass 

diffusion process. 

[0 – 0.5] 

𝑲𝒂 It measures the relative strength of a chemical reaction compared to the diffusion of a 

species in a fluid. 

[0 – 5] 

𝑺 It represents the effect of internal heat generation (source) or heat absorption (sink) within 

a fluid or medium. 

[0 – 0.5] 

𝑾𝒆 It measures the relative importance of elastic effects compared to viscous effects in a 

viscoelastic fluid flow. 

[0 - 0.5] 

𝒎 It represents the influence of the Hall effect on the motion of an electrically conducting 

fluid in a magnetic field. 

[0 – 0.5] 

𝜷 - [0 - 0.5] 

𝝓 - [0 - 𝜋] 
{𝝓𝟏, 𝝓𝟐} - [0 – 0.1] 

 

4.1. Velocity profile 

In this segment, Figs. 4(a-f) delineate the effects of 𝑀𝑛, 𝑚, 𝑊𝑒, 𝐷𝑎, 𝜙, and {𝜙1, 𝜙2}  on fluid flow velocity for 

nanofluid (𝐶2𝐻6𝑂2/𝐴𝑙2𝑂3 )  and hybrid nanofluid (𝐻2𝑂 − 𝐶2𝐻6𝑂2/𝐴𝑙2𝑂3).  Fig. 4a illustrates how the magnetic 

parameter 𝑀𝑛 affects fluid velocity. The graphical arrangement shows that velocity significantly decreased with 

increasing magnetic parameter values, especially in the vicinity of the walls. This decreases results from a damping 

force known as the Lorentz force, which functions as a resistive force to lessen fluid motion. Fig. 4b illustrates 

that increasing the Hall parameter 𝑚 boosts the axial velocity near the walls of the channel. This occurs because 

an increase in the Hall parameter reduces the effective magnetic damping, lowering electromagnetic resistance 

and increasing velocity. Weissenberg number 𝑊𝑒 has two effects on velocity, as seen in Fig. 4c. The figure 

portrays the fluid velocity, which is decreasing near the channel’s lower wall and enhancing it near the upper wall.  

Since the Weissenberg number 𝑊𝑒 represents the ratio of elastic to viscous forces in a Williamson fluid. An 

increase in 𝑊𝑒 enhances the fluid’s elastic behaviour, modifying the momentum distribution in the channel. 

Consequently, the velocity decreases near the lower wall due to stronger elastic resistance, while velocity increases 

near the upper wall, indicating asymmetric momentum transport within the peristaltic channel. As the Darcy 

number 𝐷𝑎 increases, there is a noticeable increase in fluid velocity near both walls of the channel and conversely, 

an opposite trend is observed at the center of the channel (refer to Fig. 4d). The Darcy number represents the 

permeability of the porous medium. Higher Da corresponds to greater permeability and weaker drag resistance 

from the porous matrix, leading to an increase in the fluid velocity profile, whereas lower Da decreases the velocity 

due to enhanced porous resistance. So, it is important to note that a higher Darcy number corresponds to higher 

permeability and leads to higher velocity. Fig. 4e demonstrates the effect of the phase difference angle 𝜙 on the 

velocity profile. It is observed that as 𝜙 increases, the velocity at the lower wall begins to increase, and beyond 

the centerline, it alters its behavior, exhibiting a decreasing trend at the upper wall of the channel. The impact of 

the volume fractions of nanoparticles {𝜙1, 𝜙2} on the velocity profile is shown in Fig. 4f. At the center of the 

channel, it is experiencing a decreasing nature. An increase in the nanoparticle volume fraction enhances the 

effective viscosity and density of the hybrid nanofluid, which intensifies the internal resistance to motion. 
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Consequently, the axial velocity profile decreases across the channel due to stronger viscous interactions within 

the suspension. Further, the reverse trend occurs near both walls of the channel. It is important to know that from 

the Figs. 4(a-f), the lowest fluid velocity is linked to 𝐶2𝐻6𝑂2/𝐴𝑙2𝑂3, while the highest corresponds to a hybrid 

nanofluid (𝐻2𝑂 − 𝐶2𝐻6𝑂2/𝐴𝑙2𝑂3). 

 

        

         

         
 

Figure 4. (a-f): Velocity profiles for diver’s values of various parameters. 
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Figure 5. (a-f): Temperature configuration for various parameters. 
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Figure 6. (a-f): Concentration profiles for different parameters. 

 

 



H. Hanumantha et al., TCMIS, Volume 3, April 2026, Article 10059 

14 

4.2. Temperature profile 

Figs. 5(a-f) demonstrates the influences of the magnetic parameter 𝑀𝑛, heat source/sink parameter 𝑆, 

thermophoretic parameter 𝑁𝑡, Brownian motion parameter 𝑁𝑏, Brinkmann number 𝐵𝑟 and nanoparticles volume 

fractions {𝜙1, 𝜙2}  on the temperature profile within the channel for nanofluid (𝐶2𝐻6𝑂2/𝐴𝑙2𝑂3 ) and hybrid 

nanofluid (𝐻2𝑂 − 𝐶2𝐻6𝑂2/𝐴𝑙2𝑂3). The increasing behavior of fluid temperature associated with the increasing  

𝑀𝑛 values, which is illustrated in Fig. 5a. This phenomenon is attributed to the prevailing characteristics of the 

Lorentz force governing fluid dynamics when 𝑀𝑛 is intensified. The effect of heat source parameter 𝑆 on fluid 

temperature is seen in Fig. 5b. It is clear that when the values of 𝑆 increase, the fluid’s temperature increases as 

well. An increase in the heat source parameter causes more thermal energy to be produced inside the fluid, which 

increases the energy of the particles in the fluid, causing the temperature of the fluid to increase. Figs. 5 (c-d) 

illustrate how the thermophoretic parameter 𝑁𝑡 and Brownian motion parameter 𝑁𝑏 affect temperature profiles. 

The fluid velocity increases away from the wall region, which is responsible for temperature increases, when 

thermophoretic and Brownian motion parameters increase the thermal conductivity of nanoparticles.  Fig. 5e 

includes the temperature increase associated with higher Brinkmann number 𝐵𝑟 values. Since it includes the 

viscosity component, an increase in 𝐵𝑟 leads to viscosity having a greater influence on the flow field. This 

resistance results in an increase in the collision rate among the nanoparticles, which contributes to energy 

dissipation, ultimately causing an increase in temperature. Fig. 5f illustrates the impact of the volume fractions of 

nanoparticles {𝜙1, 𝜙2} on temperature. It is observed that the velocity decreases with increasing nanoparticle 

volume fractions; this indicates that as the values of {𝜙1, 𝜙2} increase, the resistance within the flow field also 

increases. Consequently, due to this increased resistance, the nanoparticles experience a greater loss of energy. 

This phenomenon leads to an increase in the temperature of the fluid. It is important to note that, according to the 

figures, the hybrid nanofluid  𝐶2𝐻6𝑂2/𝐴𝑙2𝑂3 has the lowest fluid temperature, whereas the highest is associated 

with 𝐻2𝑂 − 𝐶2𝐻6𝑂2/𝐴𝑙2𝑂3. As a result, compared to ordinary nanofluid, the hybrid nanofluid exhibits superior 

thermal properties. 

4.3.  Concentration profile 

Figs. 6(a-f) shows the impact of thermophoretic parameter 𝑁𝑡, Brownian motion parameter 𝑁𝑏, Schmidt number 

𝑆𝑐, temperature ratio parameter 𝛽, activation energy parameter 𝐸𝑎, and chemical reaction parameter 𝐾𝑎 on the 

concentration distribution in the channel for nanofluid 𝐶2𝐻6𝑂2/𝐴𝑙2𝑂3 and hybrid nanofluid 𝐻2𝑂 −

 𝐶2𝐻6𝑂2/𝐴𝑙2𝑂3). As seen in Figs. 6a and 6b, the concentration profile increases with the Brownian motion 

parameter 𝑁𝑏  and decreases with the thermophoresis parameter 𝑁𝑡. Larger values of 𝑁𝑡 cause the fluid’s viscosity 

to disappear, which causes the volume fraction of the less dense particles to decrease. Fig. 6c illustrates that an 

increase in 𝑆𝑐 results in a greater concentration distribution. This phenomenon arises because higher 𝑆𝑐 values 

reduce mass diffusivity, which in turn enhances the concentration distribution. It is observed that the concentration 

profile decreases substantially as the temperature ratio parameter 𝛽 is increased. Physically, it can be explained 

that as the value of 𝛽 is increased, thermal effects in the fluid will be enhanced, and hence molecular diffusion will 

be increased, causing a decline in concentration in the boundary layer region, as shown in Fig. 6d. As the activation 

energy parameter 𝐸𝑎 increases, the concentration also shows an increase due to reduction of effective chemical 

reaction rate which leads to less consumption of species (refer to Fig. 6e). A decrease in concentration is noted for 

higher values of the chemical reaction parameter Ka, which accelerates the consumption of solute particles in the 

fluid (see in Fig. 6f). 

4.4. Streamlines 

The movement and creation of trapped bolus and streamlines are the most crucial phenomena in fluid dynamics 

when it comes to fluid flow via peristaltic mechanisms. Boluses form because of some of the 

streamlines closing during the process. The speed of these boluses is equal to that of a peristaltic wave. Improved 

knowledge of bolus formation makes it easier to understand peristaltic events, which advances engineering 

and medicine. From Figs. 7(a-c), it is observed that as the values of 𝑀𝑛 parameter increase, the size of the trapped 

boluses decreases due to the lack of kinetic energy for the formation of larger recirculation zones. At the same 

time, the fragmented nature of the flow creates a larger number of boluses.  In instances where the Darcy parameter 

is increased, the number of streamlines correspondingly increases, yet the dimensions of the boluses experience a 

reduction (refer to Figs. 8(a-c)). A comparable phenomenon is evident as the Weissenberg number 𝑊𝑒 increases, 

as illustrated in Figs.  9(a-c). The dimensions of the entrapped boluses increase as varying values of the phase 
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difference angle parameter 𝜙, while the quantity of trapped boluses decreases, as depicted in Figs. 10(a-c). Further, 

the dimensions of the entrapped boluses increase while the quantity of these boluses declines as the value of the 

hall parameter varies (see Figs. 11 (a-c)). 

 

 
Figure 7. (a-c): Streamlines for diverse values of 𝑀𝑛. 

 

 
Figure 8. (a-c): Streamlines for diverse values of 𝐷𝑎. 

 

 
Figure 9. (a-c): Streamlines for diverse values of 𝑊𝑒. 
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Figure 10. (a-c): Streamlines for diverse values of 𝜙. 

 

 
Figure 11. (a-c): Streamlines for diverse values of 𝑚. 

 

Table 3. Nature of heat transfer coefficient (𝑁𝑢) for different parameters. 

𝑵𝒕 𝑵𝒃 𝑺 𝝓𝟏 𝑴𝒏 𝑩𝒓 −𝑵𝒖𝟏  

Upper wall 

−𝑵𝒖𝟐 

Lower wall 

0.4 0.3 0.5 0.01 1 0.5 1.2001 1.1287 

0.1 0.3 0.5 0.01 1 0.5 1.0843 1.2805 

0.3 0.3 0.5 0.01 1 0.5 1.1612 1.1797 

0.5 0.3 0.5 0.01 1 0.5 1.2392 1.0773 

0.4 0.1 0.5 0.01 1 0.5 1.1577 1.1730 

0.4 0.3 0.5 0.01 1 0.5 1.2001 1.1287 

0.4 0.5 0.5 0.01 1 0.5 1.2429 1.0835 

0.4 0.3 0.1 0.01 1 0.5 1.0049 0.9069 

0.4 0.3 0.3 0.01 1 0.5 1.2001 1.1287 

0.4 0.3 0.5 0.01 1 0.5 1.3952 1.3505 

0.4 0.3 0.5 0.01 1 0.5 1.2001 1.1287 

0.4 0.3 0.5 0.03 1 0.5 1.2370 1.1573 

0.4 0.3 0.5 0.05 1 0.5 1.2771 1.1884 

0.4 0.3 0.5 0.01 1 0.5 1.2001 1.1287 

0.4 0.3 0.5 0.01 1.5 0.5 1.8792 1.8272 

0.4 0.3 0.5 0.01 2 0.5 2.8299 2.8050 

0.4 0.3 0.5 0.01 1 0.1 0.5558 0.4234 

0.4 0.3 0.5 0.01 1 0.3 0.8779 0.7761 

0.4 0.3 0.5 0.01 1 0.5 1.2001 1.1287 
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4.5. Heat transfer coefficient and Mass transfer coefficient 

Tables 3 and 4 illustrate the importance of different physiological traits on the mass transfer coefficient (𝑆ℎ) and 

heat transfer coefficient (𝑁𝑢), respectively. Examining Table 3 shows that the heat transfer coefficient 𝑁𝑢 

decreases with increasing thermophoresis parameter 𝑁𝑡 and Brownian motion parameter 𝑁𝑏 at the upper wall of 

the channel, while a contrary trend is seen at the lower wall of the channel. Moreover, the heat transfer coefficient 

reduces as the values of the heat source/sink parameter S, nanoparticle volume fraction 𝜙1, magnetic parameter 

𝑀𝑛, and Brinkmann number 𝐵𝑟 escalate at both the upper and lower walls. Finally, Table 4 illustrates that higher 

values of the thermophoresis parameter 𝑁𝑡, temperature ratio parameter β, and activation energy parameter 

𝐸𝑎 enhance the mass transfer coefficient 𝑆ℎ at the upper wall, yet they exhibit an opposite trend at the lower wall. 

At the upper wall of the channel, rising values of the Brownian motion parameter 𝑁𝑏, Schmidt number 𝑆𝑐, and 

chemical reaction parameter 𝐾𝑎 reduce the Sherwood number’s magnitude, while enhancing it at the lower walls. 

Table 4. Nature of mass transfer coefficient (𝑆ℎ) for different parameters. 

𝑵𝒕 𝑵𝒃 𝑺𝒄 𝜷 𝑬𝒂 𝑲𝒂 𝑺𝒉𝟏 

Upper wall 

−𝑺𝒉𝟐 

Lower wall 

0.4 0.3 0.5 0.1 0.5 0.8 0.9976 1.6582 

0.1 0.3 0.5 0.1 0.5 0.8 0.0434 0.0667 

0.3 0.3 0.5 0.1 0.5 0.8 0.6770 1.1235 

0.5 0.3 0.5 0.1 0.5 0.8 1.3206 2.1971 

0.4 0.1 0.5 0.1 0.5 0.8 3.5101 5.8493 

0.4 0.3 0.5 0.1 0.5 0.8 0.9976 1.6582 

0.4 0.5 0.5 0.1 0.5 0.8 0.4937 0.8178 

0.4 0.3 0.5 0.1 0.5 0.8 0.9976 1.6582 

0.4 0.3 1.0 0.1 0.5 0.8 0.7850 1.3007 

0.4 0.3 1.5 0.1 0.5 0.8 0.5609 0.9232 

0.4 0.3 0.5 0.1 0.5 0.8 0.7950 1.3164 

0.4 0.3 0.5 0.3 0.5 0.8 0.8988 1.4916 

0.4 0.3 0.5 0.5 0.5 0.8 0.9976 1.6582 

0.4 0.3 0.5 0.1 0.01 0.8 0.9364 1.5555 

0.4 0.3 0.5 0.1 1.0 0.8 1.0477 1.7424 

0.4 0.3 0.5 0.1 2.0 0.8 1.1203 1.8643 

0.4 0.3 0.5 0.1 0.5 0.8 0.9976 1.6582 

0.4 0.3 0.5 0.1 0.5 1.5 0.8122 1.3465 

0.4 0.3 0.5 0.1 0.5 3.0 0.3851 0.6271 

 

5. Conclusions 

In the above article, the peristaltic transport of the MHD Williamson nanofluid model is studied when the fluid 

flows through a horizontally asymmetrical channel. Moreover, the fluid is flowing through a porous medium that 

is governed by the modified Darcy’s law. In the present problem, hybrid nanoparticles are used to enhance the 

thermal properties of the fluid. In the Buongiorno nanofluid model, the thermophoresis and Brownian motion are 

included. Moreover, the energy and concentration equations are derived by taking into consideration the Joule 

heating, viscous heating, and activation energy. At the boundaries of the channel, the no-slip conditions are 

imposed. The following observations have been noted.  

• The magnetic parameter decreases the velocity at both the upper and lower walls of the channel, while the 

Darcy parameter and Hall parameter produce an opposite effect. The Weissenberg number shows dual effects, 

as it decreases the velocity profile near the channel’s lower wall and increases it near the upper wall. 

• An increase in the magnetic parameter 𝑀𝑛 suppresses axial velocity due to the Lorentz resistive force. Peak 

velocity declines by 18–22%, indicating stronger momentum resistance. Conversely, a higher Darcy number 

𝐷𝑎 enhances permeability, accelerating fluid motion with a 15–19% rise in velocity magnitude. 

• The temperature distribution increases with increasing thermophoresis, Brownian motion, heat source/sink, 

magnetic, and Brinkmann number parameters. Furthermore, compared to ordinary nanofluid, the 

hybrid nanofluid is found to have superior thermal properties. 
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• The concentration profile’s magnitude decreases with an increase in the thermophoresis, temperature ratio, 

and chemical reaction parameters. On the other hand, the augmentation of the Schmidt number, activation 

energy parameter, and Brownian motion, on the other hand, shows the opposite trend. 

• Activation energy significantly influences mass diffusion. Higher activation energy reduces the chemical 

reaction rate, resulting in an approximate 17–21% enhancement in nanoparticle concentration across the 

channel. Moreover, the temperature field also increases moderately (about 8–12%) due to reduced species 

consumption. 

• At the upper wall of the channel, both the thermophoresis parameter and the Brownian motion parameter 

exhibit an increase, which results in a reduction of the heat transfer coefficient; conversely, a different trend 

is noted at the lower wall of the channel. Additionally, at both the upper and lower walls, the heat transfer 

coefficient diminishes as the magnetic parameter 𝑀𝑛, the nanoparticle volume fraction, the heat source/sink 

parameter 𝑆, and the Brinkmann number 𝐵𝑟 increase. 

• An increase in the values of the Brownian motion parameter, Schmidt number, and Ka leads to a decrease in 

the magnitude of the Sherwood number at the upper wall of the channel, while an improvement is observed 

at the lower walls of the channel. In contrast, increasing values of the thermophoresis parameter, temperature 

ratio parameter, and activation energy parameter enhance the magnitude of the mass transfer coefficients at 

the upper wall, whereas the opposite trend is observed at the lower wall.  

• The increase in values of 𝑀𝑛 results in a larger size of the trapped boluses being reduced, while the number 

of boluses is increased. When the Darcy parameter is enhanced, the number of streamlines also increases, but 

the size of the boluses decreases. 

• Overall, the study confirms that the collective improvement of thermal performance in peristaltic transport 

systems is achieved through hybrid nanoparticle dispersion, porous permeability, and non-Newtonian 

elasticity. These results highlight the potential of Williamson hybrid nanofluids for biomedical pumping 

mechanisms, microfluidic transport devices, and thermal management systems operating under MHD 

conditions. 

Nomenclature 

(𝑋̅, 𝑌̅) Cartesian coordinates in a fixed frame  𝑆ℎ                Sherwood number 

(𝐻1
̅̅ ̅ , 𝐻2

̅̅̅̅  )  Walls of the channel 𝐹                  Flow rate (𝑚3𝑠−1) 

(𝑥, 𝑦) Cartesian coordinates in a moving frame  𝐵𝑟               Brinkman number 
(𝑝1, 𝑝2) Upper and lower channel width (𝑚) 𝐾𝑎  Chemical reaction parameter 

(𝑞1, 𝑞2) Wave amplitudes (𝑚) 𝐸𝑐  Eckert number 

𝐽 Current density vector 𝑊𝑒  Weissenberg number 

𝐵⃗⃗ Magnetic field vector   

𝐵0 Magnetic field strength (𝑁𝑚−1𝐴−1) Greek symbols 

𝐸⃗⃗ Electric field vector 𝜌              Density (
𝑘𝑔

𝑚3
) 

𝑚 Hall parameter 𝜎              Electrical conductivity (
𝑆

𝑚
) 

𝑐 Wave speed (𝑚𝑠−1) 𝜇              Dynamic viscosity (𝑃𝑎 ∙ 𝑠) 

𝑞⃗ Velocity vector 𝛿              Wave number 

𝑈̅, 𝑉̅ Dimensional velocity components (𝑚𝑠−1) 𝜏̅             Cauchy stress tensor (𝑃𝑎) 

(𝑢, 𝑣) Non - dimensional velocity components (𝑚𝑠−1) 𝜏𝑖𝑗             Stress components (𝑃𝑎) 

𝑃̅ Fluid pressure (𝑃𝑎)  𝛽              Temperature ratio parameter 

𝑘𝐵 Boltzmann constant 𝜃                  Non–dimensional temperature 

𝑇̅ Dimensional temperature (𝐾) Ω                 Non–dimensional concentration 

𝐶̅ Dimensional concentration 𝜆 Wave length (𝑚) 

(𝑇0, 𝑇1) Reference temperatures (𝐾) 𝛾               Thermal extension coefficient (
1

𝐾
) 

(𝐶0, 𝐶1) Reference concentration 𝑐𝑝            specific heat capacity of fluid  (
𝐽

𝑘𝑔𝐾
) 

𝑄0 Constant heat source/sink 𝑐𝑓              specific heat capacity of particles (
𝐽

𝑘𝑔𝐾
) 

𝑘 Thermal conductivity (
𝑊

𝑚𝐾
) 𝜓                  Stream function (𝑚2𝑠−1) 

𝐷𝑇 Diffusion coefficient of thermophoretic (ϕ1, ϕ2)       Nanoparticles volume fractions 

𝐷𝐵 Brownian motion diffusion coefficient 𝜀1, 𝜀2                 Amplitude ratios 

𝑘∗ The permeability of the porous material ϕ Phase difference 
 

𝑀𝑛 Magnetic number Subscripts 

𝐷𝑎 Darcy number ℎ𝑛𝑓              Hybrid nano fluid 

𝑁𝑡 Thermophoretic parameter 𝑛𝑓                Nano–fluid 

𝑁𝑏 Brownian motion parameter 𝑓                Base fluid 

𝑆𝑐 Schmidt number 𝑛1               Solid gold nanoparticles 

Ea            Activation energy 𝑛2               Aluminium oxide nanoparticles 
(ℎ1 , ℎ2 )              Non-dimensional walls of the channel   

𝑆                  heat source/sink parameter  

𝑁𝑢               Nusselt number   
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