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1. Introduction

Since the seminal paper by Verhulst in 1845 [1], logistic ( generally sigmoid) functions

dy

dz
= ry (1− y) ⇒ y =

1

1 + e−rz
, z > 0 (1)

have been widely employed in many different domains to describe self-limited population expan-
sion.

Beyond typical growth problems, the fascinating characteristics of logistic functions enable the
modeling of many dynamic processes, helping fit curves to experimental data [2, 3] and be key
components of neurocomputing as activation functions [4–6]. Numerous improvements and
changes have been made during the previous 200 years

[7–10,35]. For deep and comprehensive analyses of logistic models, we refer to the review in [11]
and the recent systematic review [12].
Following the analysis in [12] there are two general trends in improvements of the logistic models
:

• Modification of the rate equation, i.e., modifications of the differential equation (the left-
hand side of (1) [13–19] by introducing additional parameters and modified birth-death
functions.

• Modification of the logistic function [19–27], in a general form

y(z) =
1

1 + e−rz
⇒ y(z) =

1

1 + F (z)
, F (z) = f(e−z) (2)

the exponential term e−rz is replaced by another function F (z), based also on the expo-
nential, such that y (z) obeys the same boundary and initial conditions as the classical
logistic model: y (−∞) = 0 , y (∞) = 1, and y (0) = 1/2 .
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The present study follows the second trend but, to a greater extent, goes back to the recovery
of the governing differential equations, yielding solutions as modified logistic functions; that is,
we know the result, with given F (z), and are looking for the modeling equation to which this
modification is a solution. This is the general line in this study, but before starting, we have to
clear up some details about the existing background, thus allowing us to better present the new
results and outline the developments made.

Note: It is important to mention at the beginning that we do not create activation functions
[4–6], which in general are simple algebraic expressions, but now we develop a new trend that
has never been explored before. Some readers may see activation functions in the results, but
this could be a product of their imagination and what they want to see.

1.1. The logistic function overview and key moments

The general expression of the logistic function, for real values of x, is defined as [1]

y (x) =
K

1 + e−r(x−x0)
, −∞ < x < ∞ (3)

In (3) K is the carrying capacity, r is the growth rate constant (Malthusian rate constant), while
x0 is x the value at the midpoint where y (x0) = K/2 . The logistic function is the solution of a
generalized growth modeling equation conceived by Verhulst [1]

dy

dx
= ry − φ (y) = ry

(

1− y

K

)

, φ (y) = y2, x ≥ 0 (4)

with initial conditions y (0) = 1/2 .

The logistic function is symmetrical about the midpoint x = x0 and y (x0) = K/2 . It has two
asymptotes: y (+∞) = K and y (−∞) = 0. With K = 1, r = 1, and x0 = 0 we get

y (x) =
1

1 + e−rx
(5)

known as a sigmoid (see Remark 2), which is symmetrical and can be presented for r > 0 as a
growing function, and for r < 0 it exhibit a decaying plot symmetrical to that when r > 0 (see
Figure 1) .

The logistic function is symmetrical, that is 1− y (x) = y (−x), and sometimes

Ay(x) = 1− y (x) (6)

is termed as an anti-logistic curve [28] (we will use this term hereafter (a terminology widely
used). It could be considered a complimentary function, too.), that is (see Figure 1). The sum
of y (x) and Ay (x) is unity, i.e.,

y (x) + Ay (x) = 1 (7)

as it follows from their definitions. Moreover, y (x) − 1/2 is an odd function, starting at x = 0
(we will use the term S-shaped functions in the sequel).

The inverse of the logistic function, the so-called Logit, is defined as

logit (y) = y−1 (x) = ln

(

y

1− y

)

(8)

The derivative of y (x) = ex

(1+ex)2
is bell-shaped , i.e., the Gaussian normal distribution (the blue

line in Figure 2), while the undefined integral is
∫

ex

1+ex = ln (1 + ex) (the green line in Figure 2).

Remark 1 (On the bell-shaped derivative of the sigmoid function). We emphasize the importance
of the bell-shaped derivative of the sigmoid function because the subsequent examples in this study
will include various bell-shaped derivative curves that can be either symmetrical or asymmetrical,
depending on the approximation function used in place of the exponential in the logistic law.

The inflection point is defined by x = 0 because

d2y

dx2
= ex

(ex − 1)

(ex + 1)2
= 0 ⇒ x = 0 (9)
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(a) (b)

(c) (d)

Figure 1. Computer simulations of the sigmoid and anti-sigmoid functions (as a mathe-
matical exercise) for different sign of the rate constant r : (a) and (b) examples for positive
r; (c) and (d) examples for positive r.Note: Sigmoids (Left column); Anti-Sigmoids (Right
column).

(a)

Figure 2. Classical sigmoid function, its derivative and integral.

The Maclaurin series are

y (x) =
∞
∑

n=0

(−1)nEn (0)

2n!
xn =

∞
∑

n=0

(−1)n+1 (2n+1 − 1
)

Bn+1

n = 1
xn =

1

2
+

x

4
− x3

48
+

x5

480
− 17

80640
x37 . . .

(10)
where En (x) is the Euler polynomial, and Bn denotes the Bernoulli numbers.
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At the end of these introductory notes, we address the logistic regression conceived by Cox [31]
in 1958 as a function

y =
1

1 + e−z
(11)

with z = β0+β1x1+β2x2+. . . βnxn = ln y
1−y a predicted variable probability, where are coefficients

of the polynomial approximation in accordance with the Cox regression approach. From (11) we
can see that

y =
1

1 + e−z
⇒ 1− y

y
⇒ ez =

y

1− y
(12)

and therefore, ln
(

y
1−y

)

= β0 + β1x1 + β2x2 + . . . βnxn.

Remark 2 (The logistic function and the sigmoid function: what is the difference?). Before
continuing the study, we have to clarify some points, allowing better distinguishing of the results
and how they are related to the existing ones. The sigmoid function and the logistic function are
interrelated, but there is a strong hierarchy between them: the logistic function as defined by Eq.
(3) is a special case of the sigmoid function (5) (that can be easily obtained from (3) by adequate
non-dimensionalization (scaling)—see Section 2.1). Further, the sigmoid function is bounded,
i.e., y(0) = 0 and y(∞) = 1; in this study we will use a more general term, S − shaped plots or
S-curves.

1.2. The focus of this research, the motivation behind, and its primary approach

The main focus of this study is the generation of logistic functions (13) or sigmoids (S-functions)(14)
using the general construction (5), namely

y(t) =
1

1 + F (t)
, y(0) = 1/2, y(−∞) = 0, y(∞) = 1 (13)

y(t) =
1

1 + F (t)
, y(0) = 0, y(∞) = 1 (14)

obeying all their properties, but with F (t) not based on the exponential function as in the classical
formulation.

Note: The formulations (13) and (14) have equal constructions, but they have different properties
depending on the boundary conditions imposed. As a step ahead, and as we will see many
examples further in this article, (14) generates S-shaped curves, starting at zero and using mainly
F (t) which are unbounded (singular) at the origin, while (13) corresponding to the classical
(Verhulst type) logistic behavior, needs F (t) bounded at zero, precisely F (0) = 1.

Therefore, the main approach is the so-called ”manipulation of the general form of the logistic
function” [12] by using functions obeying the same initial and boundary conditions as the expo-
nential function in the classical Verhulst solution [1] so that the output is an S-shaped (sigmoid)
function. We are focusing on recovering the modeling equation that the new function may solve;
this process can be referred to as ”reverse modeling,” where the solution is already known, and
we need to identify the corresponding equation. As a note clarifying this approach, the first
attempt made in this study is to use the Mittag-Leffler function as F (t) as a generalization of
the exponential function, a step that has never been applied before.

Note: The suggested logistic functions will hereafter be referred to as sigmoids. This choice is
made for grammatical reasons, to avoid the repeated use of the word ”function,” and remembering
that the exponential in the simplest construction is replaced by various functions obeying certain
properties, as it will be explained in detail in the sequel.

1.3. Further text organization

The next part of this article considers: Scaling (Section 2.1) and an unconventional solution
of the classical logistic model (Section 2.2), thus allowing us to formulate the main approach
applied to all cases discussed after that. The construction of sigmoid models with the Mittag-
Leffler function of one parameter is developed in Section 3, with detailed analysis of computation
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problems by both Maple and Mathematica. Some subcases related to asymptotics of the Mittag-
Leffler function are discussed in Section 3.3 : Sigmoid based on E1/2 ,1 (−τα) (Sections 3.3.1 and
3.3.2) and the complimentary error function (Section 3.3.4). Experiments creating sigmoids from
the general construction of the Gompertz model, but with the implementation of versions of the
Mittag-Leffler function of one parameter, are developed in Section 3.3.5.

Sigmoids based on the Mittag-Leffler function of two parameters are developed in Section 4.
General requirements concerning functions that can be used in the construction of sigmoid models
are formulated in Section 5.1 in two directions: Functions bounded at the origin (Section 5.2 )
and unbounded at the origin (Section 5.3), applying the Lambert transform (Section 5.3.1 ) to
the Mittag-Leffler function of one parameter (Section 5.3.2).

An attempt to create sigmoids based on the Mittag-Leffler function of one parameter controlled
by a non-integer parameter (Atangana-Baleanu formulation) is developed in Section 6, and a
subcase pertinent to the classical logistic function but reformulated in the Caputo-Fabrizio sense
(Section 6.2).

The outlines of the main results are discussed in Section 7 with emphasis on model constructions
and emerging computational problems.

For creating a well-organized and comprehensive exposition, the auxiliary information is summa-
rized in the Appendices (Section 9).

2. The classic logistic equation: scaling and an instructive solution

Consider the classical Verhulst equation [1] in the form

dy

dt
= −ry (1− y) (15)

Now, we focus our attention on two steps that underlie the ideas explored in this article:

• The definition of the time scale

• An unconventional solution that draws the route towards the extension of the logistic
function and the corresponding models.

2.1. Scaling and time scale

It is well known that the classical formulation of the Verhulst models is

dX

dt
= rX

(

K −X

K

)

= rX

(

1− X

K

)

(16)

where K is the maximum value attained by function X (t)), i.e., the so-called carrying capacity.
Defining the dimensionless variable y = X/K, where 0 < y ≤ 1, we get the form of (15). For the
analyses developed in this study, the form (15) is more suitable, as it will be demonstrated in the
sequel. From (15) and the well-known solutions (see Appendix A, Section 9.1), the dimension
of r is the inverse of time, and in SI units, it is s−1. If we suggest a time scale t0 such that the
dimensionless quantity is defined as τ = t/t0 ⇒ t = τt0 we may rewrite (15) as

dy

t0dτ
= −ry (1− y) ⇒ dy

dτ
= −rt0y (1− y) ⇒ dy

dτ
= −y (1− y) , t > 0, , τ = rt > 0 (17)

If we consider the time scale as t0 = 1/r , then we get the last dimensionless form of (17). This
form is very important for the development of the ideas explored in this article.

Note: The argument t is the so-called observation time (with a dimension of s, in contrast to
the scaled (dimensionless) time τ). In the further explanations and analyses of the developed
solutions, we distinguish both of these definitions. It is important to stress the attention on the
possibility to compare many experimental results and their approximation by logistic curves if
the argument is τ = rt, rather than when r are different and the argument is the observation
time t.

6
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2.2. An unconventional and instructive solution

As a first step let us rearrange the dimensionless (the last one) expression of (17) as

dy

dτ
= −y2

(

1

y
− 1

)

⇒ 1

y2
dy

dτ
= −

(

1

y
− 1

)

(18)

Now, bearing in mind that d
dτ

(

1
y

)

= − 1
y2

dy
dτ = − d

dτ

(

1
y − 1

)

and denoting θ =
(

1
y − 1

)

, we may

present the second version of (18) as

dθ

dτ
= −θ ⇒ θ = C1 exp (−τ) (19)

In terms of the original function y (t) and the observation time t, the solution (19) is

1

y
− 1 = C1 exp (−rt) → y =

1

1 + C1 exp (−rt)
→ y =

1

1 + C1 exp (−τ)
(20)

and for t = 0 ⇒ τ = 0 it is obvious that C1 = 1.

These solution steps are different from the common ones available in literature (see Appendix
A, Section 9.1), and they are instructive in view of the approach applied in this study, when
the exponential function in the logistic function is replaced by the Mittag-Leffler version as its
generalized version.

Remark 3 (On the solution approach). The solution approach just demonstrated above touches
as ideology the ideas developed by Dattoli and Garra [29] to recover the modeling equation albeit the
solution technologies (application of the Laguerre derivative and polynomials [30], and exploring
the generalized forms of exponentials) and interpretations of the results are different.

Remark 4 (On the formulation (20)). The formulation with C1 = 1 is a special case of the
general definition of the logistic function and it is symmetrical about the point (0, 1/2), with
y(−∞) = 0 and y(∞) = 1.

Remark 5 (On the rearrangement in (18)). Regarding the right-hand side of the second version
of (18) we can see that (1/y − 1) = (1− y) /y, which is the formulation of the first step in
the logistic regression proposed by Cox [31] (see (11)-(12)), i.e., e−z = (1− y) /y, where z =
β0 + β1x1 + β2x2 + . . . βnxn = ln y

1−y . Thus, the appearance of (1− y) /y is not unusual in the

transformation of the logistic model.

3. Logistic law involving the Mittag-Leffler function of one parameter

3.1. Formulation and governing equation recovery

Let us now consider an extension, practically, an evolution of the logistic law, where the expo-
nential in (20) is replaced by the Mittag-Leffler function of one parameter as its generalization,
namely

YML =
1

1 + C1Eα (−τα)
, τ = rt > 0 (21)

and, from τ = 0 it follows that C1 = 1 because for τ = 0 we have Eα (−τα)τ=0 = 1 (i.e.,it is
bounded at the origin), and YML (τ = 0) = 1/2 .

Now, we are interested in what rate (model) equation could lead to this function as a solution.
First, rearrange Eq.(21) as

1

YML
= 1 + Eα (−τα) → 1

YML
− 1 = Eα (−τα) (22)

Then, denoting 1
YML

− 1 = 1−YML
YML

= Θ(τ) we have

Θ (τ) = Eα (−τα) (23)

Furthermore, we know that Θ (τ) is a solution of the fractional equation (with Caputo derivative)

Dα
τ Θ(τ) = −Θ(τ) (24)

7
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Therefore, in terms of what we have

Dα
τ

(

1− YML

YML

)

= −
(

1− YML

YML

)

(25)

Note: Recall the comments in Remark 5, now related to 1/YML−1 = (1− YML) /YML, allowing
further data fitting through Eα(−τα) such as that in the Cox logistic regression [31] (this problem
is beyond the scope of this work).

Without loss of generality, we may replace the function (1/YML − 1) by

Φ(τ) = Y 2
ML

(

1

YML
− 1

)

= YML (1− YML) = Y 2
MLΘ(τ) (26)

and after a straightforward rearrangement of equation (25), recalling what we did with the
classical logistic equation in Section 2.2, the result is

Dα
τ

(

Y 2
ML

(

1

YML
− 1

))

= −Y 2
ML

(

1

YML
− 1

)

⇒

⇒ Dα
τ (YML (1− YML)) = − (YML (1− YML))

(27)

For α = 1 we recover the classic logistic model (15).

Now, applying to both sides of (27) the fractional Riemann-Liouville integral Iατ f (τ) = D1−α
τ f (τ)

we get

d

dτ
(YML (1− YML)) = − 1

Γ (α)

τ
∫

0

1

(τ − s)1−α (YML (s) (1− YML (s))) (28)

or simply in terms of Φ (τ) we get a Volterra equation of the first kind

dΦ (t)

dτ
= − 1

Γ (α)

τ
∫

0

1

(τ − s)1−αΦ (s) ds (29)

The nonlocal equation in this context, which is a fractional equation, acts as a counterpart to
the local Verhulst model. This can be expressed as either (27) or its integral version, (29).

Remark 6 (The data fitting ?: A natural question.). There is a natural question about whether
the data fit the newly formulated logistic model. The answer is straightforward and comes directly
from the second version of Eq. (22). The first step is to rearrange the data Y = Y (α, τ) as
(1− Y ) /Y = f (α, τ). Then, f (α, τ) has to be fitted by Eα (−τα) (such comments are made in
the final comments of this article, but not developed here). Suggesting this procedure, we have
to remember that Y is scaled, that is, 0 < Y < 1, so that (1− Y ) /Y is always less than unity
and corresponds to the right side of Eq.(22), i.e., 0 < Eα (−τα) ≤ 1, which is dimensionless. In
this way, all requirements for correct data fitting are satisfied. However, this work addresses the
process of the formulation of logistic functions (sigmoids) by the implementation of Mittag-Leffler
functions, and the data fitting is not among its tasks; some comments are available in Remark
7, although the data fitting is the next naturally following process that should be resolved.

3.2. Computations

We will now address computations related to the new logistic function using computer algebra
environments of two well-known software packages: Maple and Wolfram Mathematica.

3.2.1. Computations by Maple

In Maple there is no a specific command to calculate the Mittag-Leffler function, in contrast to
the WolframMathematica (see Section 3.2.3 ).

8
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The computations of the new logistic function strongly depends on the accuracy in calculations
of the Mittag-Leffler function, precisely its truncated version of the Taylor series expression

Eα(−τα)(N) =

N
∑

k

(−1)kταk

Γ(1 + αk)
(30)

where N is the number of terms.

The use of the Taylor series expansion invokes two computation problems:

• The required number of terms in the series in view to assure stable behavior of the process.

• The process stability when the argument τ increases beyond certain limits.

Effects of the number of terms in the Mittag-Leffler series at moderate dimensionless
times τStarting from N = 100 and calculating YML, we can see in panels (a), (b), and (c) of
Figure 3 that for α = 0.1 and α = 0.2, there are instabilities and incorrect behavior of the
plots. The increase in the number of terms up to N = 200 eliminates this effect for the plot
corresponding to the case with α = 0.2; with N = 500, the effect can be eliminated when
α = 0.1. Hence, expansions with low numbers in the truncated Taylor series (N < 200) work
well for α ≥ 0.2, but the decrease in value of α requires more terms; for α ≥ 0.5 only 100 terms
are enough.

(a) (b)

(c) (d)

Figure 3. Computer simulations of (21) by Maple for moderate values of the argument
τ and different numbers of terms the Mittag-Leffler series, and 0 < α < 1 :(a) N = 100,
(b) N = 200, (c) N = 400, (d) N = 500

Effects of the increase in the argument τ and the terms in the Mittag-Leffler series
Repeating the same experiments but for τ > 15, we can see in the plots summarized in Figure
4 that there are strong instabilities in all cases, irrespective of the value of α and the number
of terms N . Regarding these results, we have to recall that τ = rt depends on both r and
t. To see what the effects are when τ ≤ 1, i.e., short dimensionless times, the calculations
performed revealed no effect either of the fractional order α or the number of terms N ; This can

9
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be attributed to the fact that for τ ≤ 1, the Mittag-Leffler function converges rapidly, unlike in
cases with larger arguments (larger times). The plots in Figure 5 are obtained with only N = 35.

(a) (b)

(c) (d)

Figure 4. Computer simulations of (21) by Maple: effects of the increase in the argument
(the dimensionless time τ) and the number of terms N of the Mittag-Leffler series: (a)
N = 100, (b) N = 250, (c) N = 500, (d) N = 1000

3.2.2. Cases with asymptotic approximations of the Mittag-Leffler function

Now, we refer to the asymptotic behaviors of the Mittag-Leffler function and the effects on the
computation process applying

Asymptotic at the origin (τ → 0+) : For t → 0+ we have (see Eq. (155) in Appendix-B,
Section 9.2)

YML(0+) =
1

1 + e
− τα

Γ(α+1)

⇒
1− YML(0+)

YML(0+)
= e

− 1
Γ(1−α)

τα ⇒ ln

(

1− YML(0+)

YML(0+)

)

= − 1

Γ (1− α)
τα

(31)

with limτ→0+Y
0+

ML = 1/2 ; It can be rearranged as

1− YML(0+)

YML(0+)
= e

− 1
Γ(1−α)

τα ⇒ ln

(

1− YML(0+)

YML(0+)

)

= − 1

Γ (1− α)
τα (32)

The final form of equation (32) facilitates data fitting in the range as τ approaches 0 (see the
comments in Remark 7).

Equation (31), to a greater extent, mimics the solution of the Verhulst model with r = 1
Γ(α+1) ,

in terms of the observation time t (just replacing t by τ ), namely

dY 0+

ML

dτ
= − 1

Γ (α+ 1)
Y 0+

ML

(

1− Y 0+

ML

)

, τ ≥ 0, τ → 0+ (33)

Plots of (31) computed by Maple are shown in Figure 5.

Further, comparative calculations of (31) and a truncated Taylor series expansion with N = 4
(as suggested by Mathematica-see further the paragraph commenting Eq.(42) in Section 3.2.3)

10
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are shown in Figure 5-panel (b). We can see strong discrepancies for α < 0.5 and practically
indistinguishable plots beyond this limit (see panel (b) and the augmented section of almost
indistinguishable plots in panel (c).

(a) (b) (c)

Figure 5. Computer simulations by Maple for short dimensionless times: (a) By
Mainardi’s approximation at the origin of the Mittag-Leffler function (31); (b) A com-
parison between (31) (solid lines) and the short Taylor series expansion suggested by
Mathematica (42)(dashed lines); (c) The same as in (b) for α = 0.5 and α = 0.75. Note
1: the Mittag-Leffler function was calculated by Maple (Taylor series) with only 4 terms
(N = 4), to to consistent with the approximation of Mathematica. Note 2: For better
graphical presentations the abscissas are presented as x103, i.e. the mark 2 means 2.10−3.

Approximation at large τ (τ ≫ 0) but not τ → ∞ : Now, we consider an alternative rational
approximation of Eα (−τα) suggested by Mainardi [32], proved by Simon [33], and discussed by
Valerio and Machado [34], that is

Eα (−τα) ≈ 1

1 + ταΓ (1− α)
, τ ≫ 0 (34)

For τ = 0 we have Eα (0) = 1 and Eα (∞) = 1, that this intermediate approximation satisfies the
main condition imposed on F (τ). Its plots, for different values of the parameter α, are shown in
Figure 6-panel (a). Thus, the construction of the logistic law is

YML(τ≫0) =
1

1 + 1
1+ταΓ(1−α)

(35)

The transformation
1− YML(τ≫0)

YML(τ≫0)
= ΘML(τ≫0) =

1

1 + ταΓ (1− α)
(36)

however, does not provide any idea about the governing equation to which ΘML(τ≫0) the desired
solution is, but allows to be transformed as

2YML(τ≫0) − 1

YML(τ≫0)
= ταΓ (1− α) ⇒ ln

(

2YML(τ≫0) − 1

YML(τ≫0)

)

= ln (Γ (1− α)) + ατ (37)

and to be applied at the initial steps of the data fitting procedure (see Remark 7).

Figure 6-panel (b) reveals stable plots without oscillations as observed in Figure 4, and it is more
efficient than the technology with an increase in the number of terms of the truncated series ex-
pansion. Besides, to a greater extent, the behavior of the logistic law at τ ≫ 0, but not τ → ∞,
resembles that observed when the approximation (38) is applied (see the next paragraph and the
plots in Figure 7, because there is an overlapping of the ranges of variations of τ).

Asymptotic at the infinity τ → ∞ : For t → ∞ we have power-law asymptotic of the Mittag-
Leffler function (see Eq.(157) in Appendix-B, Section 9.2), so the approximation of the logistic
function is

Y ∞
ML =

1

1 + τ−α

Γ(1−α)

, τ ≥ 0, τ → ∞, limτ→∞Y ∞
ML = 1 (38)

11
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(a) (b)

Figure 6. Computer simulations by Maple for large dimensionless times (but not at
infinity) for different values of the parameter α: (a) Mittag-Leffler approximation by
(34); (b) Logistic functions (35) constructed with the approximation (34).

Now, bearing in mind that is case of the Riemann-Liouville derivative of a constant C we may
present (38) as

Y ∞
ML =

1

1 + RLDα
τ C

≈ 1 (39)

The time derivative of (38) is

dY ∞
ML

dτ
= −α

τ

τ−α

Γ(1−α)
(

1 + τ−α

Γ(1−α)

)2 , τ → ∞ (40)

Equation (40), to a greater extent, is like a complex kinetic equation with still unknown physical

constitutive equations. Despite this, it is evident that
dY ∞

ML
dτ → 0 because the rate of the function

approaches zero as it nears the saturation zone Y ∞
ML → 1 (see Figures a, b, and c in Figure 7

computed by Maple). The term
dY ∞

ML
dt represents a time-decaying function, with a decay rate

proportional to τα+1 ≡ tα+1, which quickly approaches zero as it is illustrated by the plots in
panel d) of Figure 7.

Remark 7 (On the initial steps of data fitting). The approximations (32) for τ → 0+ and (37)
for large τ permit making the initial steps in data fitting in these ranges if experimental data
exist. Precisely, the exponential approximation (31) or the power law (37) can be used to find
some initial information about the value of α and then be used in a more sophisticated data fitting
procedure over the entire range of experimental data available.

3.2.3. Computations by Mathematica

In Wolfram Mathematica, such a flexibility to investigate the effect of the parameters of the
Taylor series Eα,β(−τα) (two-parameter Mittag-Leffler function) does not exist since there are
direct commands for calculations and plotting

Series[MittagLefflerE[α, β, z], z, zmin, zmax], P lot[MittagLefflerE[α, β, z], z, zmin, zmax]
(41)

without any explanations about the intimate moments of the calculation procedure.

The computations (with Eα,1(−τα) ) illustrated by Figure 8 reveal smooth plots (see Figure 8).
In contrast to the computations with Maple, here we have no information about the number of
terms used or about any other algorithms used, but we can see very smooth plots generated.

However, if truncated series are used, then the effect of the number of terms is the same as
already observed with commutations performed by Maple. Precisely, good sigmoid plots can be
obtained with a high number of terms, and this effect is strong when α < 0.5, and we can see the
effects in Figure 9. The observed calculation problems, irrespective of the computer code used,
can be attributed to the slow convergence of the Mittag-Leffler function.

On the asymptotic computations by Mathematica At the Mathematica webpage, the series
expansion at the origin is assigned to the command Series[MittagLefflerE[α, β, z], {z, 0, 4}]

12
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(a) (b)

(c) (d)

Figure 7. Computer simulations by Maple of (39) for large dimensionless times using
the approximation for τ → ∞. Panels (a), (b) and (c): different time sections, but in all
cases large times. (d) The derivative evolution (Eq. (40) for large τ , as in panels (a) and
(c). In all cases N = 400

(a)

Figure 8. Computer simulations by Mathematica for different values of the fractional
order α for moderate dimensionless times τ using the Mathematica commands in (41)

.

corresponding to the short-term series (in the original notations)

1

Gamma[β]
+

z

Gamma[α+ β]
+

z2

Gamma[2α+ β]
+

z3

Gamma[3α+ β]
+

z4

Gamma[4α+ β]
(42)

13
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(a) (b)

(c) (d)

Figure 9. Computer simulations by Mathematica for different values of the fractional
order α for moderate dimensionless times τ : Effect the number of term in the truncated
Mittag-Leffler. Note: the number of terms for each computation is available in inside the
figures.

.

At the infinity, the command is Series[MittagLefflerE[1, 1/2, z], {z,∞, 6}]//NormalFullSimplify
corresponding to the approximation

ez
√
z +

−10395 + 2z(945 + 2z(−105 + 2z(15− 6z + 4z2)))

64
√
πz6

(43)

Note: To calculate what is needed in this study, we have to substitute z = −τα in (42) and com-
pute the short time approximations (see Figure 5-panel (b) and Figure 10-panel (a)). However,
for the approximation at infinity, such a substitution is possible, but in the logistic function, it
is needed to introduce the function (43) with a negative sign (the computations are illustrated
in Figure 10-panels (a) and (b).

(a) (b)

Figure 10. Computer simulations of asymptotic approximations at the infinity by Math-
ematica for different values of the fractional order α by (43): (a) Moderate long dimen-
sionless times ; (b) Very long dimensionless times

14
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3.2.4. Mittag-Leffler distribution and its sigmoid

Now, let us look back on the formulation (22) and the Mittag-Leffler distribution Gα
τ [36–40] (see

Eq.(172)in Appendix B); precisely, Eq. (22) can be reformulated as

2− 1

YML
= 1− Eα (−τα) ⇒ 2− 1

YML
= Gα

τ , τ ≥ 0 (44)

with Gα
τ (0) = 0 and Gα

τ (∞) = 1. Differentiating both sides of (44) with respect to τ we get three
different forms of an alternative equation related to the generalized formulation of the sigmoid
(21), namely

dYML

dτ
= −dEα (−τα)

dτ
⇒ dYML

dτ
= Y 2

ML

d

dτ
Gα

τ ⇒ dYML

dτ
= Y 2

MLg
α
τ , τ ≥ 0 (45)

To clarify these comments, we show the distribution Gα
τ and its derivative (its density distribu-

tion) gατ in Figure 11-panel (a), parallel to the sigmoid defined by Eq.(22) (Figure 11-panel (b)),
thus demonstrating their different natures, precisely, the behaviors at the origin.

In addition, based on the properties of the density distribution gατ , we may construct a new
sigmoid (see the plots in Figure 11-panel (c).

gY α
τ (τ) =

1

1 + gατ (τ)
, 0 < α ≤ 1, τ ≥ 0 (46)

With gατ (0+) → ∞ and gατ (∞) → 0 we have gY α
τ (0+) = 0 and gY α

τ (∞) → 1, respectively.
Hence, gατ is unbounded at the origin (see Section 5.3 with such examples) and as a consequence,
for τ ≥ 0), the sigmoid starts at gY α

τ (0, 0 in contrast to the case with the model (21) where
staring point is YML(0, 1/2).

Note: Such types of sigmoids, as those based on Gα
τ and the newly defined gY α

τ (τ), are further
discussed as S-shaped functions, taking into account their common property of starting at τ = 0,
i.e., the point (0, 0), in contrast to the classic logistic law, which starts at the point (0, 1/2 ) (see
Section 5.3).

(a) (b) (c)

Figure 11. Computer simulation of the Mittag-Leffler distribution and related sigmoids:
(a) Mittag-Leffler distribution Gα

τ (CDF) (solid lines) and its derivative (PDF) (dashed
lines) for different values of the parameter α. (b) Comparative plots Gα

τ and sigmoids
YML(τ)( based on Eα (−τα) (Eq.(21))). (c) Sigmoids gY α

τ (S-shaped curve) based on gατ
(unbounded at the origin) at different values of α.

3.3. Sigmoids from some subcases

Now, we consider cases where Eα,1 (−τα) can be represented by well-known functions. We have
to recall that all these special cases are obtained as approximations when the number of terms
in the Taylor series expansion is infinite.

3.3.1. Sigmoids from E1/2 ,1 (−τα) - Experiment 1

Consider the special case

E1/2 ,1 (z) = ez
2
erfc (−z) (47)

15
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where erfc(z) = 1− erf(z) is the complimentary error function 2√
π

∫∞
z e−t2dt.

Note: For z > 0, erfc(z) ≈ 1
6e

z2 + 1
2

4
3
z2
, and erf(z) ≤ e−z2 .

For clarity of the calculation results, it is shown in Figure 12-panel (a), parallel to a plot created
by the Taylor series expansion

E1/2,1 ≈
N
∑

k=0

zk
(

Γk
2 + 1

) (48)

truncated up to N = 150 terms; in (47) z should be replaced by −τ for correct calculations.

The function E1/2 ,1 (−τα) is bounded at the origin and vanishes for large τ , thus obeying all
properties allowing the construction

YML(1/2,1 ) =
1

1 + E1/2 ,1 (τ)
=

1

1 + eτ2erfc (−τ)
(49)

to be considered as a sigmoid function, namely: YML(1/2,1 ) (0) = 1/2 , YML(1/2,1 ) (∞) = 1, as
well as YML(1/2,1 ) (−∞) = 0.

Moreover, the sigmoid function (49) is asymmetric with a midpoint at (0, 1/2 ) (see Figure 12-
panel (c)). Calculations of YML(1/2,1 ) by (49) and when E1/2 ,1 (−τα) as a series is used, this
results in different plots, which is a natural result because we use a truncated series (Eq. (47) as
an approximation when N → ∞).

If we consider YML(1/2,1 ) as a cumulative distribution function (CDF), then we see that it is
asymmetric but satisfies the boundary conditions YML(1/2,1 ) (−∞) = 0 and YML(1/2,1 ) (∞) = 1.

From this point of view, the corresponding probability density function (PDF) is
dYML(1/2,1 )

dτ is a
bell-shaped, asymmetric, and shifted to the left (see Figure 12-panel (d))

(a) (b) (c)

Figure 12. Simulations (by Maple) of E1/2,1(−τα) and the resultant sigmoid YML1/2,1:
(a) The function E1/2,1 calculated by (47)-line 1 (red color online) and a truncated series
expansion (N = 150)-line 2 (blue color online). (b) A non-symmetric sigmoid function
generated by (49)(red color online), considered as CDF, and its derivative considered as
PDF. (c) Sigmoid functions for τ > 0, using (49)-line 1 (red color online) and a truncated
series expansion-line 2 (blue color online).

3.3.2. Sigmoids from E1/2 ,1 (τ
α) - Experiment 2:

Let us suggest that we may construct the sigmoid-type function

RY1/2,1 (τ) =
1

1 + 1
E1/2,1 (τ)

(50)

That is, our function F (τ) is F (τ) =
(

E1/2, 1
)−1

=
(

eτ
2
erfc(−τ)

)−1
. As a result, we have two

cases:

16
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• Case with E1/2 ,1
, and then the sigmoid-like function is

RY +
1/2,1 (τ) =

1

1 + 1
E1/2,1 (τ)

(51)

In this case, we have RY +
1/2,1

(−∞) → 0, RY +
1/2,1

(+∞) → 1, RY +
1/2,1

(0) = 1/2 , and

the logistic plot is strongly asymmetric; The derivative d
dτ

RY +
1/2,1

(τ) is bell-shaped and

asymmetric with a long decaying tail towards τ → −∞, while for τ → +∞ it vanishes
rapidly. All these functions are shown in Figure 13-panel (a).

Additional experiments performed by Mathematica are shown in Figure 14, and there is no
detectable difference with respect to the plots generated by Maple (see figures (a) and (b)).
However, an attempt to use the truncated series (48) reveals that there is a strong effect of the
number of terms included in the calculations, the same problem discussed earlier when Maple
was used for simulations.

• Case with E1/2,1 (−τ): With E1/2,1 (−τ) we have a possibility to construct a sigmoid-like
function (Figure 13-panel (b) )

RY −
1/2,1 (−τ) =

1

1 + 1
E1/2,1 (−τ)

(52)

With RY −
1/2,1

(−∞) → 1, RY −
1/2,1

(+∞) → 0, RY −
1/2,1

(0) = 1/2 , but in this case d
dτ

RY −
1/2,1

(−τ) <

0 in the entire range of variations of τ .

Hence, we got two sigmoid-like functions, both of them asymmetrical with respect to the origin.

(a) (b)

Figure 13. Sigmoid-type functions generated by E1/2,1 (τ): Experiment-2. Simulations
(by Maple): (a) Case 1. (b) Case 2.

3.3.3. Case with a sigmoid derived from E1/2,1

(

τ1/2
)

- Experiment 3

With F (τ) = E1/2,1

(

τ1/2
)

defined as

E1/2

(

−τ1/2
)

= eτ
[

1 + erf
(

τ1/2
)]

eτerf
(

−τ1/2
)

, τ ∈ C (53)

we can formulate a sigmoid function (see the plots in Figure 15-panel (a) and the inset)

Y1/2,1

(

τ1/2
)

=
1

1 + E1/2

(

−τ1/2
) (54)

For τ → ∞ we have Y1/2,1 (+∞) = 1 because E1/2

(

−τ1/2
)

(τ → ∞) = 0. However, Y1/2,1
(

τ1/ 2
)

is non-normalized for τ ≥ 0 having an asymmetric derivative, and for τ → 0 we get Y1/2,1 (0) =
0.843. The normalized sigmoid is (see such rescaling procedures in the next sections 3.3.4 and

17
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(a) (b)

(c) (d)

Figure 14. Simulations by Mathematica of the sigmoid YE1/2,1 using Eq.(50):
(a) With the Erfc[x] function for small τ . (b) With the command function
Series[MittagLefflerE[1/2, 1, τ ], {τ, 0, 10} for large τ . (c) and (d) Simulations by trun-
cated series (see Eq. (48)) and effects of the number of terms N .

3.3.5 )

Ȳ1/2,1

(

τ1/2
)

=
Y1/2,1

(

τ1/2
)

−B

1−B
, B = 0.843 (55)

Now Ȳ1/2,1 (0) = 0 and Ȳ1/2,1 (∞) = 1 (see Figure 15-panel (c) ) obey the general sigmoid
properties.

(a) (b)

Figure 15. Sigmoid generated by E1/2,1(−τ1/2) (Simulations (by Maple): (a)

E1/2,1(−τ1/2) , the non-normalized sigmoid and its derivative (Inset: an augmented

section of the non-normalized sigmoid) (b) Normalized sigmoid Ȳ1/2, 1(−τ1/2) and its
derivative.

3.3.4. A sigmoid based on the complimentary error function - Experiment 4

The error function is a specific type of confluent hypergeometric function and can be expressed
as a special case of the Mittag-Leffler function of one parameter, precisely E1/2,1

(

z2
)

= erf (z)
(see additional details in Remark 8). Its plot resembles a logistic one (see Figure 16-panel (a)),

18
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but the saturation (i.e., the limit → 1) is reached for z < 0, while the decrease for z > 0 is rapid
to zero.

As an experiment, we construct

Yerfc (z) =
1

1 + erfc(z)
=

1

1 + (1− erf(z))
=

1

2− erf(z)
(56)

Now, Yerfc (−∞) → 1/3, Yerfc (∞) → 1, and Yerfc (0) → 1/2 , because erf(0) = 0, erf(−∞) =
−1, erf(∞) = 1. Further, we have

1

Yerfc (z)
= 1 + erfc(z) = 1− erf(z) (57)

Taking into account that d
dz erf (z) = 2√

π
e−z2 , and differencing both cites of (57), we get

dYerfc
dz

= Y 2
erfc

4√
π
e−z2 =

4√
π
e−z2 1

(1 + erfc(z))2
(58)

Now, let us consider (56) as a cumulative distribution function (CDF) and (58) as its proba-
bility density function (PDF): The CDF exhibits two saturation levels: Yerfc (+∞) → 1 and
Yerfc (−∞) → 1/3 , and the PDF is bell-shaped and slightly shifted to the right. However, we
see from Figure 16-panel (b) that not all conditions to accept (56) as CDF are obeyed; precisely
Yerfc (+∞) → 1, but Yerfc (−∞) → 1/3 instead of the correct requirement Yerfc (−∞) → 0
levels. We can correct this, i.e., normalize the distribution, by a shifting procedure as

Ȳerfc =
Yerfc − 1/3

1− 1/3
=

1

2

(

3

1 + erfc(z)
− 1

)

,
dȲerfc
dz

=
3√
π

e−z2

(1 + erfc(z))2

Ȳerfc(−∞) = 0, Ȳerfc(+∞) = 1

(59)

and the normalized version is shown in 16-panel (c); The same calculations done by Mathematica
and the resultants are shown in Figure 17 showing almost identical plots.

Remark 8 (The complimentary error function: some details). The complementary error function
erfc (z) is related to the Gaussian error function erf(z) as erfc(z) = 1 − erf(z), where the
integral version and Maclaurin series of erf(z) and erfc (z) are

erf(z) =
2√
π

z
∫

0

e−t2dt =
2√
π

∞
∑

k=0

(−1)kz2k+1

k! (2k + 1)
, erfc =

2√
π

∞
∫

z

e−t2dt (60)

or through the incomplete Gamma function as erf(z) =
(

Γ1
2 , z

2
)

. Moreover, erf(z) is symmetri-
cal about the vertical axis (odd function), i.e., erf(−z) = −erf(z) and erfc(−z) = 2− erfc(z).

(a) (b) (c)

Figure 16. Simulations by Maple: (a) Error function (erf ) (red color online), the com-
plimentary error function (erfc) (blue color online) and the logistic function Yerfc (green
color online). (b) The logistic function Yerfc as CDF ( red color online) and its PDF (blue
color online). (c) The logistic function Yerfc (red color online) and its normalized CDF
(blue color online) and PDF (green color online).
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(a)

Figure 17. Simulation by Mathematica ( as in Figure 16)-(c): 1-The generated logistic
curve (CDF), 2-Rescaled, 3-The derivative (PDF)

3.3.5. Gompertz-like sigmoids with Erf(τ) and Erfc(τ): Experiments

The classic Gompertz sigmoid: The Gompertz sigmoid [9, 35] is defined as

GY = Ae−be−ct
, τ ≥ 0 (61)

This function is an asymmetric sigmoid that strongly depends on the values of the coefficients; an
example is shown in Figure 18. Now, we consider variations of the Gompertz sigmoid, generally
defined as

GY = AF1 [F2 (τ)] , τ ≥ 0 (62)

where, in the classical formulation (61): F2 (x) = ke−cx and F1 (x) = Ae−bF2(x).

(a) (b)

Figure 18. Gompertz sigmoid in three case with different values of the coefficient b: (a)
Sigmoids (the dotted lines mark the point GY (0). (b) The derivatives of the sigmoids
presented in panel (a).

Sigmoid with F1 = Erf (τ) and F2 = Erfc (τ). Let us define the sigmoid as

GY1 = 1−A1Erfc [−b1Erf (−τ)] (63)

dGY1
dτ

=
4

π
e−erf(x2)e−x2

=
4

π
e−[erf(x

2)+x2] (64)

The plots in Figure 19 (with k = A1 = b1 = 1, for the sake of simplicity ) reveal a symmetric
sigmoid passing through τ = 0, but with saturation at about GY1 (∞) = 0.8 (see Figure 19-panel
(a), and a symmetric bell-shaped derivatives (Figure 19-panel (b)).
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(a) (b)

Figure 19. Gompertz-like sigmoid generated by Eq.(63): (a) The sigmoid GY1(τ). (b)
The derivative and the sigmoid for τ ≥ 0.

Sigmoid with F1 = Exp (τ) and F2 = Erf (τ). In this case the sigmoid construction is

GY2 = A2Exp [−b2Erf (−τ)] = A2e
−b2Erc(−τ) = A2e

b2Erc(τ) (65)

and
dGY2
dτ

= 2
e−x2

√
π
eerf(x) = 2

eerf(x)−x2

√
π

(66)

with asymmetric profile and derivative (see Figure 20 ) withA2 = b2 = 1). Further, GY2(0) = 1, as
well as GY2(−∞) → 0.36788, GY2(+∞) → 2.7183. The bell-shaped derivative curve is asymmet-
ric and shifted to the right. Changing the coefficients A,b, etc., the sigmoid can be manipulated
to reach desired properties, and normalize, too (issues not discussed further here).

(a)

Figure 20. Gompertz-like sigmoid and its derivative generated by Eq.(65) and Eq. (66).

Sigmoid with F1 = Erfc (τ) and F2 = Erfc (τ). In this case, completely involving the com-
plimentary error function the sigmoid formulation is

GY3 = A3Erfc [−b3Erfc (−τ)] (67)

and
dGY3
dτ

=
4

π
e−x2

e−erfc(−x)2 =
4

π
e−[x

2+erfc(−x)2] (68)
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both of them asymmetric (see Figure 21-panel (a))) with asymptotes: GY3(−∞) → 1, and
GY3(+∞) → 1.9553; also GY3(0) = 1.8427.

It can be normalized by a rescaling (see the same procedure with Eq. (59) above )

GY3(rescaled) =

(

GY3/2−B

1−B

)

=

(

GY3/2− 1/2
1/2

)

, B = 1/2 (69)

Now, it is GY3(rescaled) (−∞) → 0 and GY3(rescaled) (+∞) → 1, but at τ = 0 we have GY3(rescaled) (0) ≈
0.8427 (see Figure 21-panel (b)).) Changing the coefficients A3 and b3, as well as the rescaling
parameter B we may create sigmoids with different asymmetries.

(a) (b)

Figure 21. Gompertz-like sigmoid and its derivative generated by Eq.(67) and Eq. (68):
(a) Non-Normalized, (b) Normalized

Computation by Mathematica . All these three sigmoids (non-normalized) just analyzed above
are shown Figure 22

(a) (b)

Figure 22. Gompertz-like sigmoids, (non-normalized) and their derivatives simulated by
Mathematica. (a) Sigmoids: 1-Eq.(63), 2- Eq.(65) , 3- Eq.(67). (b) Derivatives:1-Eq.(64),
2- Eq.(66), 3-Eq.(68)

3.3.6. Gompertz-like sigmoids with Eα (−τα) and Eβ

(

−τβ
)

:The concept

After the specific case of Gompertz-like sigmoid considered in the preceding section, let us now
consider the general case where both functions are Mittag-Leffler functions of one parameter.
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Hence, the construction suggested is

GYα,β = AF1 [F2 (x)] ⇒ AEα

[

−Eβ

(

−xβ
)−α

]

, α 6= β, 0 < α ≤ 1, 0 < β ≤ 1 (70)

or more explicitly, assuming for the sake of simplicityA = 1, we may write

GYα,β =

N
∑

k=0

(−1)k
[

N
∑

k

(−1)kτ−αk

Γ(αk+1)

]−βk

Γ (βk + 1)
, α 6= β, 0 < α ≤ 1, 0 < β ≤ 1 (71)

For α = β = 1 (71) reduces to the classical Gompertz construction.

Following the formulation (71), we have two general cases: a case with α < β and a case with
α > β, both shown in Figure 23-panels (b) and (c). As might be expected, the plots do not cross
the ordinate either at points GY (0, 1/2) or GY (0, 0), a behavior completely corresponding to the
entire class of Gompertz-like formulations considered here. Both cases in panels (b) and (c) seem
similar but have different cross points with the ordinate at τ = 0. Moreover, this formulation
has no branches for τ < 0. In general, it is less flexible than the formulations discussed in the
preceding section.

The formulations and the plots presented in Figure 23 are only the first steps in such general
definitions that need further analysis and detailed studies, not in the scope of this work. In
general, correct simulations by Maple need at least N = 150, which is not a problem in terms of
computing time required.

(a) (b) (c)

Figure 23. Gompertz-like sigmoids with Eα (−τα) and Eβ

(

−τβ
)

for τ ≥ 0: (a) The

used Mittag-Leffler Functions, (b) GYα,β for β > α, (c) GYα,β for β < α.

Two extremes. Two extremes are interesting to consider, namely:

• For 0 < α < 1 and β = 1 we have

GYα,1 = Eα [−exp(−τ)] =
N
∑

k=0

(−1)k [−exp(−τ)]αk

Γ(αk + 1)
(72)

In a particular case, for instance, E1/2,1 [−exp(−τ)] = e[e
−τ ]2erfc[e−τ ](see Eq.(47) in Sec-

tion 3.3.1).

• For alpha = 1 and < β < 1 we have

GY1,β = exp[−Eβ(−τβ)] = exp

[

−
N
∑

k=0

(−1)kτβk

Γ(βk + 1)

]

(73)

For τ = 0 we have GY1,β(0) ≈ 0.36779, while GY1,β(∞) → 1. Moreover, this extreme
case generates sigmoids, which are easily tractable in contrast to the other extreme with
β = 1.

The plots of these two extremes are shown in Figure 24.
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(a) (b)

Figure 24. Gompertz-like sigmoids with Eα (−τα) and Eβ

(

−τβ
)

for τ ≥ 0 (solid lines)
and their derivatives (dashed lines): (a) Case with β = 1 and 0 < α < 1. (b) Case with
α = 1 and 0 < β < 1.

4. Sigmoids based on Mittag-Leffler functions of two parameters

In this section we consider two branches pertinent to Eα,β(−τα) and Eα,β(τ
α) providing different

sigmoid functions.

4.1. Sigmoids based on Eα,β(−τα)

Let us now consider a case where the exponential in (2) is replaced by the Mittag-Leffler function
of two parameters Eα,β(−τα) as its generalization, namely

YML(α,β) =
1

1 + C2Eα,β (−rtα)
=

1

1 + C2Eα,β (−τα)
(74)

From t = 0 ⇒ τ = 0 it follows that C2 = 1 because for t = 0 we have Eα,β(−τα)τ=0 = 1, and
YML2 (τ = 0) = 1/2 . Now, we are interested in what rate equation could lead to this function
as a solution. First, let us rearrange Eq.(74) as

1

YML(α,β)
= 1 + Eα,β (−τα) → 1

YML2
− 1 = Eα,β (−τα) (75)

Then, denoting 1
YML(α,β)

− 1 =
1−YML(α,β)

YML(α,β)
= Θ2(α,β) (τ), we get

Θ2(α,β) (τ) = Eα,β (−τα) (76)

Now, we have to stress the attention on the fact that Eα,β (−τα) is an extension of Eα (−τα) but
not a solution of a fractional differential equation similar to (24), and therefore we have to look
for some special cases, as those summarized in Appendix B (see Section 9.2.3).

4.2. Cases with Eα,β(−τα)

Case with α = β = 1. In this simplest case E1,1 (−τ) = e−τ , and we reach the classic Verhulst
model, that is

Θ2(τ)(α=β=1) = e−τ ⇒ 1

YML(α=β=1)
− 1 = e−τ ⇒ YML(α=β=1) =

1

1 + e−τ
(77)

Case with α = 1, β = 2. In such a case, we have (see Eq.(160) in Appendix B (Section 9.2.3))

E1,2 (−τ) =
e−τ − 1

−τ
=

1− e−τ

τ
(78)

Further, we have limτ→0+E1,2 (−τ ) = 1, and it follows that E1,2 (−τ ) is bounded at the origin
and decaying faster with an increase in τ (see Figure 25-panel (a)); also, Eα,β (−τ ) for 0 ≤ α ≤ 1,
and β > α is completely monotone [32].
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Now, let us consider the construction

YML(α=1,β=2) =
1

1 + C3E1,2 (−τ)
=

1

1 + C3E1,2 (−τ)
(79)

with limτ→0+E1,2 (−τ) = 1 it follows that YML(α=1,β=2) (τ = 0) = 1/2 . Moreover, as τ → ∞ we
have YML(α=1,β=2)(t→∞)

→ 1.

Hence, YML(α=1,β=2) exhibits all general properties of a logistic function, which is non-symmetric
with respect to τ = 0 (see Figure 25-panel (b) ), and, therefore, we may write

YML(α=1,β=2) =
1

1 + E1,2 (−τ)
=

τ

1 + τ − e−τ
(80)

where YML(α=1,β=2) (−∞) = 0, YML(α=1,β=2) (0) = 1/2 and YML(α=1,β=2) (∞) = 1.

The following transform

1

YML(α=1,β=2)
= 1 + E1,2 (−τ) ⇒

1− YML(α=1,β=2)

YML(α=1,β=2)
=

1− e−τ

τ
(81)

but, (81) does not lead to any idea about a governing differential equation, so (79) can be
considered as an empirically constructed logistic function.

However, if we consider YML(α=1,β=2) as a cumulative distribution, then its derivative with respect
to τ yields a bell-shaped asymmetric curve, like a left-shifted normal distribution (see Figure 25-
panel (c)).

dYML(α=1,β=2)

dτ
=

1

eτ
1− (1 + τ)

((1 + τ)− e−τ )2
(82)

and its series approximation is (by Maple)

dYML(α=1,β=2)

dτ
≈ 1

8
− τ

48
− τ2

128
+

17

5760
+

τ4

18432
− 251

1290240
τ5 +O(τ6) (83)

Respectively, we may approximate by a series YML(α=1,β=2) (τ) (by Maple) as

YML(α=1,β=2) ≈
1

2
+

τ

8
− τ2

96
− τ3

384
+

17

23040
τ4 +

τ5

92160
− 251

7741440
τ6 +O(τ7) (84)

and these approximations may facilitate the calculations.

4.3. Asymptotics with α = 1, β = 2

From Eq. (170) (see Appendix B) we have

Eα,β (−τα) ≈ exp

[

− τα

Γ (α+ β)

]

, τ → 0 (85)

Then, for τ → 0 the logistic function (74), with C2 = 1, can be approximated as

YML(α,β)(t→0)
≈ 1

1 + e
− τα

Γ(α+β)

(86)

and it can be considered as a solution to
dYML(α,β)

dτ
= − 1

Γ (α+ β)
YML(α,β)

(

1− YML(α,β)

)

(87)

or in terms of the observation time as
dYML(α,β)

dt
= − r

Γ (α+ β)
YML(α,β)

(

1− YML(α,β)

)

(88)

Further, with

Eα,β (−τα) ≈
∞
∑

k=1

(−1)k−1 τ−αk

Γ (β − αk)
, τ → ∞ (89)
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we may extend the series as

Eα,β (−τα) ≈ τ

Γ (β − α)
+

τ−2α

Γ (β − 2α)
+

∞
∑

k=3

(−1)k−1 τ−αk

Γ (β − αk)
(90)

and it is hard to construct a well-defined logistic function. This situation became clearer in the
specific case with α = 1 and β = 2 (see further Eq.(93) and the emerging problems in calcula-
tions).

Case with α = 1, β = 2 and asymptotes at the origin . In this case we have E1,2 ≈
exp

[

− t
Γ(3)

]

and the approximation of YML(α=1,β=2) (t → 0+) is

YML(α=1,β=2)

(

τ → 0+
)

=
1

1 + e
− τ

Γ(3)

=
1

1 + e−
τ
2

(91)

with a rate constant r = 1/Γ (3) ≈ 1/2 , and it is a solution to the Verhulst model

dYML(α=1,β=2)

dτ
=

1

2
YML(α=1,β=2)

(

1− YML(α=1,β=2)

)

(92)

(a) (b) (c)

(d)

Figure 25. Logistic-type functions based on E1,2(τ) : (a) The bounded function E1,2

; (b) The resultant logistic curve; (c) The derivative with respect to τ considered as a
PDF of the logistic law ; (d) The function E1,2(τ) and YML(α=1,β=2) at large values of τ .
Computations done by Maple.

Case with α = 1, β = 2 and asymptotes at infinity . At infinity, with a first-order approx-
imation we have

E1,2 ≈
∞
∑

k=1

(−1)k−1 τ−k

Γ (2− k)
≈ τ−1

Γ (1)
(93)

Note: The terms for k ≥ 2 are uncomputable because the arguments of the gamma function
become negative.

26



J. Hristov, TCMIS, Volume 3, April 2026, Article 10073

Hence, with approximation (93) we have

YML(α=1,β=2) (τ → ∞) =
1

1 + 1
τ

,
dYML(α=1,β=2)

dτ
(τ → ∞) =

1

(1 + τ)2
(94)

with an almost flat profile of YML(α=1,β=2) (τ → ∞) and rapidly decreasing
dYML(α=1,β=2)

dτ (τ → ∞)
as it is illustrated in Figure 25-panel (d).

4.4. Sigmoids based on Eα,β(τ
α)

Here we consider the special case where Eα,β(τ) = E2,2(τ) since it easy can be calculated applying
computer algebra codes.

Let us now construct a sigmoid based on Eα,β (τ), precisely the specific case when α = β = 2,
allowing E2,2 (τ

α) to be expressed through the hyperbolic sine

E2,2 (τ) =
∞
∑

k=0

τ2k

Γ (2k + 2)
=

sinh
√
τ√

τ
, τ > 0 (95)

where the hyperbolic sinh(x) can be expressed explicitly as a Taylor series at zero

sinh(x) = x+
x3

3!
+

x5

5!
+

x73

7!
+ . . . =

∞
∑

k=0

x2k+1

(2k + 1)!
=

∞
∑

k=0

x2k+1

Γ (2k)
(96)

The series is convergent for every complex x, as well it is odd, then only odd exponents appear.

E2,2 (τ
α) is a rapidly increasing function (see Figure 26-panel (a) ), and the application of the

sigmoidal transformation yields

Y2,2 (τ) =
E2,2 (τ)

1 + E2,2 (τ)
=

1

1 + 1
E2,2(τ)

=
1

1 +
√
τ

sinh(
√
τ)

(97)

The behavior of E2,2 (τ) for τ < 0 in Fugure 26-panels (a) and (b)),can be attributed to the
hidden computer code of Maple and the fact that

√
−τ is a complex. For more comments see

Remark 9 below.

Since sinh
√
τ√

τ
for τ → 0+ approaches 1, then Y2,2 (0) = 1/2 as the classical logistic sigmoid.

Moreover, we have Y2,2 (+∞) = 1 .For τ < 0 we have an oscillating Y2,2 (−τ) as it is shown in
Figure 26-panel (b) and could be attributed to unpredictable behavior of the Maple code.

The reduction

Ȳ2,2 (τ) =
Y2,2 (τ)−B

1−B
, B =

1

2
(98)

results in Ȳ2,2 (0) = 0 with an asymptote Ȳ2,2 (+∞) = 1 that converges with that of Y2,2 (+∞) =
1. Hence, the pragmatic approach is that Y2,2 (τ) and Ȳ2,2 (τ) are useful for applications and data
fitting.

The computations done by Maple directly used the hyperbolic sine function sinh (x) but the
question about the calculation method remains. The question about the number of terms in a
truncated series E2,2 (τ ;N) invoked experiments shown in Figure 26-panel (c) . The simulation
through truncated series yields symmetrical sigmoids with Y2,2 (0) = 1/2 that can be easily
reduced by applying (98). The simulation tests reveal that even 5 terms in the truncated series
are enough and for N > 5 all plots match (see Figure 26-panel (c) ).

It is worth noting that the sigmoids generated directly through E2,2 (τ) = sinh
√
τ√

τ
need larger

values of τ , τ > 0 to attain the asymptote 1, while for those simulated by truncated series, large
values τ are needed, as demonstrated in Figure 26-panel (d) ).

Remark 9 (On the asymmetric and symmetric sigmoids generated by E2,2 (τ)). At this mo-
ment, it is important to recall that the symmetric sigmoids generated by truncated series ex-
pansions illustrate the fundamental property (sinh(−x) = −sinh(x)). Consequently, we have

( sinh(−x)
−x = − sinh(x)

x ). Unfortunately, when applying (sinh(x)) to a negative argument in Maple,

the computations failed and produced plots shown in Figure 26 (panel (b)). This issue can be
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(a) (b)

(c) (d)

Figure 26. Sigmoids based on E2,2(τ) : (a) The function E2,2(τ) generated by Maple
(using the sinh(x) commend and a truncated series, (b) Sigmoids generated by using

F (τ) = sinh
√
τ

√
τ

, (c) Sigmoids generated by using truncated series, (d) Comparative plots of

the sigmoids generated by F (τ) = sinh
√
τ

√
τ

and truncated series expansions. Computations

done by Maple.Note: The marks in the left sectors of panels (a) and (b) stress the attention
on what happens if the code is incorrectly.

attributed to the fact that (
√
−τ) is complex. Fortunately, this problem does not arise when using

the series expansion in equation (95), as all exponents in this expansion are even (i.e., (2k)).
Therefore, it does not matter whether calculations are performed with (−τ) or (+τ); in both
cases, we obtain symmetrical plots.

5. Another examples of extended logistic laws

The use of the Mittag-Leffler function in place of the standard exponential function demonstrates
that the general framework of the logistic law can be extended to new applications, and the
corresponding governing equations can be recovered.

Before proceeding, we aim to establish general conditions that should be applied to functions
that fall within the broader category of S-shaped functions, which includes logistic-like functions
as a subset. The general definitions will be formulated as follows:

• Logistic-like functions where YLog(0) = 1/2 and YLog(∞) = 1.

• S-shaped functions where YLog(0) = 0 and YLog(∞) = 1.

Based on these general definitions, we focus on the properties and conditions that the functions
should satisfy, replacing the exponential in the logistic law formulation.
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5.1. Requirements and conditions imposed on the candidate functions

Consider the general expressions

Y (τ) =
1

1 + F (τ)
(99)

AY (τ) = 1− 1

1 + F (τ)
= 1 +

1

F (τ)
(100)

and the question arising is about the property of F (t) allowing it to generate logistic-like laws,
or at least S-shaped functions with general conditions Y (∞) → 1 and AY (∞) → 0.

We consider two general situations:

• Cases when the function F (τ) is bounded at the origin, as in the situation with classical
logistic law, and

• Cases when the function F (τ) is unbounded at the origin

5.1.1. Cases with functions bounded at the origin

Let the function Ylog(τ) satisfies the conditions (as the classical logistic law) :

Y (0) =
1

2
, Y (∞) = 1 (101)

Therefore, F (τ) should be bounded at τ = 0 (i.e., F (0) = 1) and vanish at τ = ∞ (at least at
large values of t).

We observed that the Mittag-Leffler function is a suitable candidate, and a natural question arises:
are there other functions that may serve a similar role? Obviously, the exponential function e−τ

in the original logistic model is the fastest one (decays to zero in the fastest way compared to
the Mittag-Leffler function, which is slower).

The form expressed by (100) can be considered because of the application of the so-called sig-
moidal transformation.

YLog =
xα

1 + xα
=

1

1 + x−α
(102)

with limt→0+YLog = 1, and limt→∞YLog = 0.

A simple change in variables x = e−kτ yields the well-known logistic law (the solution of the
Verhulst model)

YLog =
ekτ

1 + ekτ
=

1

1 + e−kτ
(103)

Thus, we may generalize (100) as

YLog =
z

1 + z
=

1

1 + z−1
, z−1 = f (τ) ⇒ y =

f (τ)

1 + f (τ)
=

1

1 + f (τ)−1 F (τ) =
1

f (τ)
(104)

with z (0) = 1 and z (∞) −→ 0, irrespective of its argument, time, or a spatial coordinate.

Remark 10 (The simple sigmoidal transformation:some clarifications). To ensure accuracy in
defining the simple sigmoidal transformation (103), we will reference another definition known
as the simple algebraic sigmoidal transformation conceived in [41] (see also [42,43]) and defined
as

Yα =
xα

xα + (1− x)α
, yα (x) + yα (1− x) = 1, 0 ≤ x ≤ 1 (105)

where Yα ∈ C1 [0, 1] ∩ C∞ (0, 1) and Yα (0) = 0, and Yα is strictly increasing on [0, 1], as well
dYα/dx strictly increasing on [0, 1/2] with dYα(0)/dx = 0.

5.1.2. Cases with functions unbounded at the origin

The condition (see Eq.(100)) is based on the requirement YLog(0) = 1/2, but the formulation (100)
allows another interpretation considering F (t) unbounded at the origin, which allows generating
S-shaped curves, i.e.,

F (τ → 0) → ∞ ⇒ YS(0) = 0, F (∞) → 0 ⇒ YS(∞) = 1 (106)

29



J. Hristov, TCMIS, Volume 3, April 2026, Article 10073

As a result, we find that YS(0) = 0, indicating that the logistic (S-shaped) function begins at
τ = 0 and approaches unity as τ approaches infinity. These scenarios will be discussed further
in Section 5.3.

5.2. Examples with F (τ) bounded at the origin: Logistic-type laws

5.2.1. Lambert functions

Lambert function bounded at the originLet us consider another candidate regarding the
Lambert function [44,46–49] in two versions, bounded (107 ) and unbounded (108 ) at the zero,
namely

LWB =
ατ

eατ − 1
, α > 0, τ > 0 (107)

with limt→0+ LWB → 1, limt→∞ LWB → 0. It is non-symmetrical with respect to the ordinate
and illustrated in Figure 27-panel (a).

The unbounded at the origin version is

LWU =
1

eατ − 1
, α > 0, τ > 0 (108)

with limτ→0+ LWU → ∞, limt→∞ LWU → 0. It is symmetrical with respect to the origin (see
Figure 27-panel (b) ). This function is considered in Section 5.3.1.

In the case of the bounded version (107 ), which is non-symmetrical with respect to the ordinate
(see Figure 27-panel (a)) and satisfying the general condition (101), we have

YLB =
1

1 + ατ
eατ−1

=
eατ − 1

ατ + eαt − 1
(109)

with limt→0+ LWU → 1/2, limτ→∞ YLB → 0.

(a) (b)

Figure 27. The Lambert functions at the various values of the parameter α: (a) The
bounded function; (b) The unbounded function; Computations done by Maple.

5.3. Examples with F (τ) unbounded at the origin: S-shaped functions

Now, we address two cases based on the interpretations of the unbounded Lambert function:

• Unbounded Lambert function F (τ) in its classical singular formulation (110)

• Unbounded Lambert-like F (τ) function, singular at the origin, and utilizing the Mittag-
Leffler function.

5.3.1. F (τ) as a Lambert function unbounded at the origin

In case of the singular version (108 ) we get

YLu =
1

1 + 1
eατ−1

=
eαt − 1

eατ
= 1− e−ατ (110)
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which is the simplest version of non-symmetric S-shaped curves with limt→0+YLU → 0 (see Figure
28-panel (b), and limt→∞YLU → 1. If we change the variable as τ = ktn, then we get the Weibull
function W (t) = Wmax

(

1− e−ktn
)

with Wmax = 1 [50]; for n = 1 and using r instead of k,
then τ = ktn = τ = rt, as we have used up to this moment. Moreover, in this case, there is no
inflection point because d2YLU/dτ

2 = −α2eατ . As illustrations, we show plots of dYLU/dτ and
d2YLu/dτ

2 in Figure 28-panels (c) and (d), respectively.

(a) (b)

(c) (d)

Figure 28. The Lambert function unbounded at the origin at the various values of
the parameter α and τ ≥ 0, and the resultant distribution: (a) The Function; (b) The
resultant distribution (110); (c) The first derivative of (110); (d) The second derivative
of (110); Computations done by Maple.

Remark 11 (A consequence of the sigmoidal transformation). The construction (110) can be
considered as a direct consequence of the sigmoidal transformation (103) through the substitution
x = eατ − 1, because

YLU =
(eατ − 1)

1 + (eατ − 1)
=

1

1 + 1
eατ−1

(111)

The formulation (110) is well-known solution (integral) of the kinetic equation

dYLu
dτ

= −αYLu (112)

Replacing τ by τ = ktn, as we already did above, we get

dYLu
dt

= −αktn−1YLu (113)

Denoting YLu = 1− Z and assuming for now that α = 1, we obtain

d (1− Z)

dt
= −kntn−1 (1− Z) ⇒ dZ

dt
= kntn−1 (1− Z) (114)
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The second form of (114) is the well-known Jonson-Mehl-Avrami-Kolmogorov kinetic equation of
phase transformation [51–56]; k is the Avrami constant, while n is the Avrami exponent. It was
demonstrated in [57] that assuming the product τ = ktn as an independent variable allows for the
formulation of a time-nonlocal version of (114), through the Caputo derivative, as Dα

τ Z = −kZ
with a solution in terms of the Mittag-Leffler function of one parameter (see the detailed solution
and examples with real data approximations in [57]).

5.3.2. F (τ) as a Lambert-like function involving Mittag-Leffler functions

Let us consider F (τ) defined as [49] (illustrated in Figure 29)

F (τ) =
1

Eα (τα)− 1
, 0 < α ≤ 1, τ ≥ 0 (115)

This definition can be extended as

(a)

Figure 29. Unbounded Lambert-like function involving the Mittag-Leffler function of
one parameter, F (τ) = LU − Eα)(τ

α) = (Eα)(τ
α)− 1)

−1
, at the various values of the

parameter α. Computations done by Maple.

F (τ) =
1

∑∞
k=0

ταk

Γ(αk + 1)
− 1 =

1
∑∞

k=1

ταk

Γ(αk + 1)
=

1
τα

Γ(α+1 + τ2α

Γ(2α+1 + τ3α

Γ(3α+1

(116)

The polynomial denominator of the last version of (116) relates this definition to a class of
algebraic candidate functions [4–6] but such cases are beyond the scope of this work.

Then, the sigmoid has a construction

YLUML1 =
1

1 + 1
Eα(τα)−1

= 1− 1

Eα (τα)
(117)

For instance, for α = 1, the term 1
Eα(tα)

reduces to e−ατ and YLUML1 becomes the well-known

solution of the Verhulst model. The anti-logistic version of (117) is

1

1− YLUML1
= Eα (τ

α) (118)

which for α = 1 recovers the anti-logistic version of the Verhulst function.

Rearranging (117) as
1

1− YLUML1
= Eα (τ

α) (119)

We can see that this is the solution to

Dα
t ΦML1 = ΦML1, ΦML1 =

1

1− YLUML1
(120)

The computation experiments illustrated in Figure 30 with different numbers of terms in a
truncated Eα (τ

α) series reveal very stable (smooth) plots even for very low N . This can be
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easily understood if we use the latest version of (116) to formulate the logistic law, namely

YLUML1 = 1− 1

Eα (τα)
= 1− 1

1 + τα

Γ(α+1) +
τ2α

Γ(2α+1) +
τ3α

Γ(3α+1) . . .
, 0 < α ≤ 1, t > 0 (121)

where YLUML1 (τ = 0) = 0 and YLUML1 (τ → ∞) = 1.

For example, with N = 1 we have YLUML1 (N = 1) = 1− 1
1+ τα

Γ(α+1)

, a simple reciprocal function.

Also, for N = 4, for instance, we have

YLUML1 (N = 4) = 1− 1

1 + τα

Γ(α+1) +
τ2α

Γ(2α+1) +
τ3α

Γ(3α+1) +
τ4α

Γ(4α+1)

, 0 < α ≤ 1, t > 0 (122)

Hence, we have a polynomial version of F (τ) obeying the required condition, yielding S-shaped
curves starting from τ = 0 and asymptotically approaching unity. As to the anti-logistic version,
we have

AYLUML1 =
1

1 + τα

Γ(α+1) +
τ2α

Γ(2α+1) +
τ3α

Γ(3α+1) . . .
, 0 < α ≤ 1, t > 0 (123)

with AYLUML1 (τ = 0) = 1 and AYLUML1 (τ → ∞) → 0.

As a detectable effect from these computations, we can see that with a low number of terms
in the truncated series expansion of Eα (τ

α), there is a need for large values of τ to reach the
saturation level, while for N = 10, this asymptotic level can be reached faster; obviously, the

increase in the number of terms is an effect of the superposition of exponential terms ταk

Γ(αk+1) , and

in each specific case corresponding to a given value of α the number of terms could be determined
experimentally.

Remark 12 (The construction (117) as a consequence of the sigmoidal transformation). The
construction (110) can be considered as a direct consequence of the sigmoidal transformation
(103) through the substitution x = Eα(τ

α)− 1, because

YLUML1 =
(Eα (τ

α)− 1)

1 + (Eα (τα)− 1)
=

1

1 + 1
Eα(τα)−1

(124)

Case with E1/2,1 (−τα): Now, consider a case with Eα,1 (−τα) where (for the properties of
Eα,1 (−τα) see the preceding Section 3.3.1)

E1/2 ,1 (z) = ez
2
erfc (−z) (125)

E1/2 ,1 (−τα) is bounded at the origin and vanishes for large τ , while the function F (τ) =
1

E1/2 ,1(τ)−1 is unbounded, thus obeying all properties allowing the logistic-type construction

YLUML(1/2,1) =
1

1
E1/2,1(τ)

− 1
=

E1/2,1(τ)− 1

E1/2,1(τ)
= 1− 1

E1/2,1(τ)
(126)

The plots of YLUML(1/2,1 )

(

−τ1/2
)

and
dYLUML(1/2,1 )(−τ1/2 )

dτ are shown in Figure 31-panel (a).
The shape is of a logistic type, asymmetric and with YLUML(1/2,1 ) (+∞) = 0.66667.

If we consider YLUML(1/2,1 )

(

−τ1/2
)

, as CDF of distribution, then we have : YLUML(1/2,1 ) (−∞) =
0, YLUML(1/2,1 ) (0) = 1/2 , but YLUML(1/2,1 ) (+∞) = 0.66667. Hence, for positive τ , the condi-

tion YLUML(1/2,1 ) (+∞) = 1 is not obeyed but this can be corrected if YLUML(1/2,1 )

(

−τ1/2
)

is
rescaled by YLUML(1/2,1 ) (+∞), as

YLUML(1/2,1 ) =
YLUML(1/2,1 )

(

−τ1/2
)

YLUML(1/2,1 ) (+∞)
=

YLUML(1/2,1 )

(

−τ1/2
)

0.66667
(127)

and the results are shown in Figure 31-panel (b).
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(a) (b)

(c) (d)

(e) (f)

Figure 30. Logistic law with a unbounded Lambert-like function involving the Mittag-
Leffler function of one parameter, at the various values of the parameter α and different
terms of the truncated Taylor expansion of the Mittag-Leffler function. Left column:
Logistic (S-shaped) plots (a),(c), and (e); Right column: Anti-Logistic (Anti S-shaped)
plots (b), (d), and (f). Computations done by Maple.

Now, with ȲLUML(1/2,1 )

(

−τ1/2
)

we have a function that satisfies the condition of CFD, that is,

ȲLUML(1/2,1 ) (+∞) = 1. In both cases, with the original and the rescaled CDF, the correspond-
ing PDFs are bell-shaped and left-shifted with respect to the vertical axis.

Case with E2,2 (τ): After the experiments in Section 4.4 and considering the methods for
calculating E2,2 (τ) = sinh (

√
τ)/

√
τ , we proceed to construct a sigmoid using the sigmoidal

transformation

YLUML−E2,2 (τ) =
E2,2 (τ)− 1

1 + (E2,2 (τ)− 1)
=

1

1 + 1
E2,2(τ)−1

, τ > 0 (128)

Since E2,2(0) = 1 , it follows that ( 1
E2,2(τ)−1) is unbounded at the origin. Consequently, we have

YLUML−E2,2
(τ→0+)=0

, indicating the presence of a sigmoid function, specifically, an S-shaped curve
that begins at zero and approaches YLUML−E2,2(τ → +∞) = 1 . The plots in Figure 32-panel
(a) illustrate the symmetric curves generated by the series expansion. Panel (b) focuses on a

comparison between computations performed directly in Maple using the command sinh(
√
τ)√

τ
and
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(a) (b)

Figure 31. Unbounded Lambert-like function involving the Mittag-Leffler function
E1/2,1: (a) YLUML(1/2,1 ) (red color online) and its derivative (blue color online). (b)
Corrected YLUML(1/2,1 ) and its derivative (the colors are the same as in fig (a). Compu-
tations done by Maple.

the truncated series with varying numbers of terms. Panel (c) demonstrates the effect of the
number of term in the truncated series that with less 5 terms the plots are distinguishable but
beyond 15 there are indistinguishable curves.

(a) (b) (c)

Figure 32. S-shaped curves generated by E2,2(τ) and (128). (a) Symmetric sigmoids
generated by truncated series expansions with 15 terms. (b) Comparative plots of the

sigmoids generated by sinh(
√
τ)

√
τ

(line 1) and those obtained by truncated series (line 2- 5

terms, and line 3- 15 terms). (c) Effect of the number of terms in the truncated series (as
experiment: line 1− 2 terms, line 2− 5 terms). Computations done by Maple.

6. Logistic and sigmoid functions with rates controlled by a non-integer

parameter

6.1. The main idea

Here, we try to introduce an idea that will allow us to use some elements of the non-local modeling,
precisely from fractional calculus [58, 59] (see details and applications is [60–64] ) . Precisely, in
the logistic model (1), the rate constant r is defined in the range r ∈ (0,∞) but can be mapped
as r = α

1−α , with α ∈ (0, 1). Thus, we can write

r =
α

1− α
⇒ α =

r

1 + r
(129)

This transformation allows for formulating two types of logistic laws in the sense of those already
formulated in the preceding sections: A logistic law with an exponential of a Caputo-Fabrizio
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type (Section 6.2) and a Mittag-Leffler function in the Atangana-Baleanu formulation (Section
6.3).

6.2. A logistic law with an exponent of Caputo-Fabrizio type

Following the general suggestion (129) the classical logistic law can be expressed as

yα =
1

1 + e−
α

1−α
(z−z0)

(130)

and without difficulties, we can see that the governing equation is

dyα
dz

=
α

1− α
yα (1− yα) (131)

From a model construction perspective, this small modification allows us to demonstrate how we
can control the growth of the logistic curve by a non-integer parameter α ∈ (0, 1). As commented
at the beginning, the dimension ris in inverse proportion to the dimensions of the argument z.
Here, we could face a small confusion since the parameter α is dimensionless. To avoid this, we
may present the product rz as

rz = (rZmax)

(

z

Zmax

)

(132)

where Zmax is the characteristic scale such that z = Zmax we have yα = 1. The product rZmax is
dimensionless. Then, we may write using (129) that

α =
rZmax

1 + rZmax
⇒ α =

1

1 + 1/rZmax
(133)

From a point of view concerning data fitting, the transformation r = r (α) does not change the
regression procedures: determination of r immediately leads to determination of α, and vice
versa.

Remark 13 (On the product α
1−α t and its equivalence). To agree with the analyses carried

out in the preceding sections, we have to mention that the product α
1−α t is equivalent to τ = rt

(the dimensionless time). However, in the following calculations, to elucidate the effect of the
non-integer parameter α, we will do them in terms of the observation time t, i.e., by explicitly
contributing the term α

1−α . For more detailed discussions on the meaning of α
1−α t and its relation

to the time scale, we refer to [65,66].

6.2.1. Computations: effects of the parameter α

To present how the modified logistic law is controlled by the non-integer parameter, α, we present
some simulations over different ranges of variations of the argument z (there is no need, at this
moment, for z to be associated with either time or something else). The plots in Figure 33 reveal
how the parameter α controls the evolutions of logistic curves, symmetrical and with midpoints
at (0, 1/2); in general, the increase in α results in an increase in r and steeper plots approaching
faster the saturation level at unity.

6.2.2. Computations:Approximations based on sigmoidal functions

Step (Heaviside) function approximation The main problem is the determination of the
Hausdorff distance between two functions f and g, denoted here as d and defined as [67, 68].

ρ (f, g) = max

{

sup
A∈F (f)

inf
B∈F (g)

‖A−B‖ , sup
B∈F (f)

inf
A∈F (g)

‖A−B‖
}

(134)

Then, d = ρ (f, g) = ρ (ah0, s0) should satisfy the relations 0 < H < a/2 , and a − s0 (H), such
that

a− d

d
= erd, 0 < d < a/2 (135)

where r is the logistic rate constant.
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(a) (b)

Figure 33. Plots of the logistic law (130) controlled by the non-integer parameter α: (a)
For 0 < α < 0.5; (b) For 0.5 < α < 1

Following [67] (see more comments in [12]), the following non-linear equation allows us to compute
the Hausdorff distance d

−1 + d+
1

1 + e−rd
= 0 (136)

Replacing r by α/(1− α) we get

1 + d+
1

1 + e−
α

1−α
d
= 0 ⇒ 1

d
ln

(

d

1− d

)

= − α

1− α
(137)

If the distance d is preliminary defined, then,

α =
ln
(

d
1−d

)

ln
(

d
1−d

)

− d
(138)

Numerical solutions of (137) (by Maple) for different values of α (i.e., we stipulate the rate
constant through (129)) allow us to relate the non-integer parameter and the Hausdorff distance
d, as it is shown in Figure 34.

The plots in Figure 34 reveal a strong decrease in Hausdorff distance as the parameter α increases:
the first 3 plots ((a), (b), and (c)) demonstrate the decrease in the Hausdorff distance as a function
of α over 3 ranges, while the panel (d) shows the inverse function α = f(d). The results in panel
(d) are in agreement with results in [67] (Table 2 in this work), where for d = 0.00497, the rate
constant is r = 1000, which corresponds to α = 0.999; the same for r = 100 with d = 0.0305, we
get α = 0.991; a distance of about d = 0.000698 corresponds to r = 10000 and α = 0.9999039.
Thus, the accuracy of approximation is easily controlled by α.

6.3. Mittag-Leffler function of one parameter in Atangana-Baleanu (AB-ML)
formulation

Now, we will explore another versions of the Mittag-Leffler function of one parameter in the so-
called Atangana-Baleanu formulation. Simply, this can be explained by Eα(rt

α), with r = ± α
1−α ,

where (+) corresponds to Eα(rt
α), while (−) corresponds to Eα(−rtα).

Note 1: The original Atangana-Baleanu formulation corresponds to Eα(−rtα). Here we intro-
duce a growing version with a positive α

1−α . The relationships between r and α
1−α are the same

as those explained in Section 6.2.

Note 2:Since the rate constant now is α
1−α , which is dimensionless, the argument is the obser-

vation time t.
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(a) (b)

(c) (d)

Figure 34. Plots of the Hausdorff distance controlled by the non-integer parameter α:
(a) For 0.1 < α < 0.9; (b) For 0.991 < α < 0.999; (c) For 0.999 < α < 0.99999; (d)The
parameter α as function of the Hausdorff distance.

6.3.1. Logistic-type law with F (t) as a function of a decaying AB-ML function

Let us consider the logistic construction with F (τ) = ABEα (−tα), where τ = α
1−α t, namely

ABYML−AB (−tα) =
1

1 + ABEα (−tα)
, 0 < α < 1, t ≥ 0 (139)

and we have: ABYML−AB (0) = 1/2 , and ABYML−AB (∞) = 1.

Hence, ABYML−AB (−τα ) is a logistic-type function for all t ≥ 0. Their calculations with Maple
are shown in Figure 35 and require at least 400 terms to attain stable plots, and their calculations
for low values of α are very sensitive when α < 0.5 (we already discussed similar computational
effects in Section 3.2.1).

6.3.2. F (t) as a function of a growing AB-ML function

To construct a logistic-type function with a growing, ABEα (t
α), we suggest F (t) = 1/Eα (t

α) ,
namely

ABYML−AB (tα) =
1

1 + 1
ABEα(tα)

, 0 < α < 1, t ≥ 0 (140)

In this case F (0) = 1/Eα (0) = 1 and ABYML−AB (0) = 1/2 , F (∞) = 1/Eα (∞) = 0 and
ABYML−AB (∞) = 1. The construction (140) can be obtained through the sigmoidal transforma-
tion with x =AB Eα(τ

α), that is

ABYML−AB (tα) =
ABEα(τ

α)

1 +AB Eα(τα)
=

1

1 + 1
ABEα(tα)

, 0 < α < 1, t ≥ 0 (141)
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(a)

Figure 35. Logistic function with ABEα(−tα) created by (139): Computations by Maple
with a series of 550 terms.

The computations by Maple are stable and need at least 5-10 terms to create the plots shown in
Figure 36.

(a)

Figure 36. Logistic function with ABEα(t
α) created by (140): Computations by Maple

with a series of 10 terms

6.3.3. Logistic law with F (t) defined by Lambert transform involving ABEα(t
α)

Following the already explored idea to create F (τ ) by a Lambert transform involving the Mittag-
Leffler function (see Section 5.3.2), we suggest now the construction

F (t) =
1

ABEα (tα)− 1
, 0 < α < 1, t ≥ 0 (142)

which is unbounded at the origin, i.e., F (0) → ∞ , but F (∞) → 0 (see the plots in Figure
37-panel (a). The resultant logistic-type law is

ABY L
ML−AB (t) =

1

1 + 1
ABEα(tα)−1

, 0 < α < 1, t ≥ 0 (143)

and ABY L
ML−AB (0) = 0, ABY L

ML−AB (∞) = 1.

Hence, we have a logistic-type function starting at the origin (see Figure 37-panel (b). The
calculations by Maple are stable and require at least 5-10 terms. The corresponding calculations
were done by Mathematica and are shown in Figure 37-panel (c).

The construction (143) can be obtained directly through the sigmoidal transformation

ABY L
ML−AB (tα) =

ABEα (t
α)− 1

1 + (ABEα (tα)− 1)
=

1

1 + 1
ABEα(tα)−1

, 0 < α < 1, t ≥ 0 (144)
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(a) (b) (c)

Figure 37. Logistic function with ABEα(t
α) created by (143); (a) Computations by

Maple of F (t) = 1
ABEα(tα)−1

(Eq.(142)). (b) Computations by Maple (10 terms of the

series). (c) Computations by Mathematica

7. Current development summaries and ideas—how about we continue the

discussion?

It is reasonable at the end of this long exercise to strike a balance and see what was achieved
and the problems emerging, as well as some new ideas inspired by the results developed.

7.1. Outlines of the main results

In general, it was demonstrated that sigmoids can be created by implementing Mittag-Leffler
functions. The study was restricted to the applications of Mittag-Leffler functions of one and
two parameters, thus making the exposition clearer and easily understandable. We especially
avoided the use of the three-parameter Mittag-Leffler function and the Prabhakar kernel since the
increase in the number of parameters controlling the functions would make the demonstration of
the approach developed complicated, but this is still an unexplored trend. The examples provided
reveal that we can create either sigmoids in the sense of Verhulst, that is, with midpoints at
(0, 1/2 ) or S-shaped functions starting at (0, 0), all of them approaching unity at infinity, in
fact, at high values of the argument. The approach to use the dimensionless time τ instead of
the product rt allows us to present the results in a common style and easily compare them. It
was demonstrated by applying the Lambert transform that sigmoids can be created by using
functions that substitute the classical exponential, which are either bounded or unbounded at
the origin. Last but not least, the Mittag-Leffler function in the Atangana-Baleanu sense was
also used to create sigmoids controlled by a non-integer parameter.

7.2. Main computational problems

The main computational problems emerging when Maple and Mathematica are used can be out-
lined as : Maple is more flexible and easier to create formulations in contrast to the complicated
syntax of Mathematica. However, when the number of terms in the series of the Mittag-Leffler
function increases, or the argument τ is large, there are problems with the stability of the com-
putations, as we reported. In general, the computations of the Mittag-Leffler function by series
are strongly challenging problems when we have to work with Eα (−τα) . However, working
Eα (τ

α) on such computational problems was not addressed in this work. We especially avoided
any other methods to calculate the Mittag-Leffler function, such as those discussed in [34,69–76]
since the main idea was to demonstrate the possibilities and the outcomes of the main idea.
However, further works draw attention to this problem, parallel to the data fitting [77–80] when
experimental results are available.

8. Final comments

As the main outcome of this study, we may outline the possibility of creating sigmoids on the
basis of Mittag-Leffler functions. Many versions are possible when specific cases are considered.
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The readers can recognize different issues in the presented results and apply them in various
aspects, depending on the areas where they work. Thus, the first line was drawn, and I hope
that this is not the last one, inspired by the ideas behind this work.

9. Appendices

9.1. Appendix A: Classical logistic model and a solution

Consider the classical logistic differential equation, with a carrying capacityK, in a form available
in many textbooks

dy

dt
= −ry

(

1− p

K

)

(145)

It has a popular solution developed through the separation of variables, starting with the re-
arrangement as

dy

y
(

1− y
K

) = rt ⇒ 1

y
+

1

K − y
= rt (146)

Then, the integration of (146) yields

ln
y

K − y
= rt+ C ⇒ y

K − y
= e−rt−C ⇒ y(t) =

y0Kert

(K − y0) + y0ert
(147)

or as

y =
K

1 +Ae−rt
, A =

K − y0
y0

(148)

Setting d2y/dt2 = 0 , we get the inflection point t = 1
r ln

K−y0
y0

. However, if y0 > K, the curve

has no inflection point .

9.2. Appendix B: Fractional operators and Mittag-Leffler type Functions

9.2.1. Time-fractional operators with singular (power-law) memory

We start with same definitions which will be useful in reading the following text even though
they are available in many texts devoted to fractional modeling and textbooks [82]

Fractional integral: The Riemann-Liouville fractional integral of order α > 0 is a natural
result of the Cauchy multiple integral the m-fold primitive of a function f(t) expressed as a
single integral convolution for arbitrary positive number α > 0 [81, 82]

0I
γf(t) =

1

Γ(γ)

∫ t

0
(t− z)γ−1f(z)dz, t > 0, n ∈ R+ (149)

with a law of exponents: 0D
−γ

0D
−αf(t) =0 D−γ−αf(t) =0 D−γ

0D
−αf(t) where LT [R(s) > 0],

and F (s) = LT [f(t)] are Laplace transforms.

Riemann-Liouville time-fractional derivative: The Riemann-Liouville time-fractional de-
rivative is defined as [81, 82]

0D
γf(t) =0 D

m
0I

m−γf(t) =
1

Γ(m− γ)

dm

dtm

∫ t

0

f(z)

(t− z)γ+1−m
dz, m− 1 < γ < m, m ∈ N

(150)
The fractional Riemann-Liouville of constant C is not zero and is a decaying power function,
namely

RLDα
t C = C

t−α

Γ(1− α)
(151)
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Caputo time-fractional derivative: The Caputo derivative of a casual function f(t) is defined
[82–84] as

CDα
t f(t) =0 I

m−α d
m

tm
f(t) =0 D

−(m−α)
t f (m) =

1

Γ(m− α)

∫ t

0

f (m)(z)

(t− z)α+1−m
dz, m− 1 < α < m

(152)
For m = 1 we have the common definition

CDα
t f(t) =

1

Γ(1− α)

∫ t

0

1

(t− s)α
df(s)

ds
ds (153)

It is clear that Caputo derivative of a constant is zero. Further, when f(0) = f ′(0) = f ′′(0) =
... = f (n)(0) = 0, then the Riemann-Liouville and the Caputo derivatives coincide.

9.2.2. One-parameters Mittag-Leffler function

The Mittag-Leffler function is defined as a power-series convergent in the whole complex plane
[85, 87]

Eλα (t) =
∞
∑

k=0

(λt)kα

Γ (αk + 1)
, Eα (−λtα) =

∞
∑

k=0

(−1)k(λt)αk

Γ (αk + 1)
, 0 < α < 1, t > 0 (154)

and is an entire function of order 1/α ; it is a completely monotone (CM) function [85] that
implies (−1)m dm

dzmEα (z) ≥ 0.

For t → 0+ , and assuming λ = 1, the asymptotic expansion matches the stretched exponential
[85]

Eα (−tα) = 1− tα

Γ (α+ 1)
+ · · · ∼ exp

[

− tα

Γ (α+ 1)

]

, t > 0 (155)

while for t → ∞ the asymptote is a negative power-law ≡ t−α [85]

Eα (−tα) ≈
∞
∑

k=0

(−1)k−1 t−αk

Γ (1− αk)
, t → ∞ (156)

and as a first order approximation we have [85]

Eα (−tα) ∼ t−α

Γ(1− α)
=

sin (απ)

π

Γ(α)

tα
, t → ∞ (157)

9.2.3. Two-Parameters Mittag-Leffler Function

The two-parameter of the Mittag-Leffler type is defined as a series expansion

Eα,β (λz) =

∞
∑

k=0

(λz)k

Γ (αk + β)
, z ∈ C, α > 0, β > 0, β ∈ C (158)

For β = 1 we get the classical one-parameter Mittag-Leffler function Eα,1 (z) defined by (154)

From the definitions (154) and (158) it follows that [85, 87, 88]

E1,1 (λz) =
∞
∑

k=0

(λz)k

Γ (k + 1)
=

∞
∑

k=0

zk

k!
= eλz (159)

E1,2 =
∞
∑

k=0

zk

Γ (k + 2)
=

∞
∑

k=0

zk

(k + 1)!
=

1

z

∞
∑

k=0

zk+1

(k + 1)
=

ez − 1

z
(160)

The corresponding Laplace transforms are [85, 87, 88]

L
[

tβ−1Eα,β (−λtα)
]

=
sα−β

sα + λ
=

s−β

1 + λs−α
(161)

L
[

tαk+β−1E
(k)
α,β (−λtα)

]

=
k!sα−β

(sα − λ)k+1
, k = 0, 1, 2, . . . (162)
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Eγ,β (−z) is completely monotonic [81, 82, 85, 87, 88] for any γ ∈ (0, 1], precisely if and only if
γ ∈ (0, 1] and β ≥ γ.

The Riemann-Liouville fractional derivative to (158) yields [81, 88]

0D
µ
t

[

tγk+β−1E
(k)
γ,β (λt

γ)
]

= tγk+β−µ−1E
(k)
γ,β−µ (λt

γ) (163)

When, k = 0 , λ = 1 and µ = m is an integer we get [88]

dm

dtm

[

tβ−1Eγ,β (t
γ)
]

= tβ−m−1Eγ,β−m (tγ) , m = 1, 2, 3, ..... (164)

For m = 1 we have
d

dt

[

tβ−1Eγ,β (t
γ)
]

= tβ−2Eγ,β−1 (t
γ) (165)

When β = 1 (one parameter Mittag-Leffler function), then (165) reduces to

d

dt
[Eγ,1 (t

γ)] =
Eγ,0 (t

γ)

t
(166)

In this context, the first derivative of Eγ (−tγ) and the first derivative of Eγ,β (−tγ) are related
as follows [82]

d

dt
[Eγ,γ (−tγ)] = t−(1−γ)Eγ,γ (−tγ) = − d

dt
Eγ (−tγ) (167)

For λ 6= 1 we have [88]

d

dt
[Eγ,1 (λt

γ)] =
Eγ,0 (λt

γ)

t
,

t
∫

0

d

dt
[Eγ,1 (λt

γ)] =
Eγ,0 (λt

γ)

t
(168)

That is
t
∫

0

d

dt
[Eγ,1 (λt

γ)] =
Eγ,0 (λt

γ)

t
(169)

Following Mainardi [32] the Mittag-Leffler function of two parameters converges at infinity to
exponential function t−αk while for the asymptotic behavior art the origin we have a starched
exponential (see also [86]), precisely

Eα,β (−tα) ≈ exp

[

− tα

Γ (α+ β)

]

, t → 0 (170)

Eα,β (−tα) ≈
∞
∑

k=1

(−1)k−1 t−αk

Γ (β − αk)
, t → ∞ (171)

9.3. Distributions related to the Mittag-Leffler function

In general, the Mittag-Leffler function Eα (−xα), is completely monotonic function, but it is not
a statistical distribution [36, 37]. A statistical cumulative distribution represented through the
Mittag-Leffler has been introduced by Pillai [36, 37] as

Gα
x = 1− Eα (−xα) =

∞
∑

k=1

(−1)k+1xαk

Γ (1 + αk)
, 0 < α < 1, x ≥ 0 (172)

where Gx (x) = 0 for x ≤ 0.

The density function gαx (x) = dGα
x (x)/dx is [36, 37]

gαx =

∞
∑

k=1

(−1)k+1xαk

Γ(αk)
=

∞
∑

k=0

(−1)k+1xα+αk

Γ(α+ αk)
, 0 < α ≤ 1, x ≥ 0 (173)

If k is replaced by k + 1, then

gαx = xα−1Eα,α (−xα) , 0 < α ≤ 1, x ≥ 0 (174)

43



J. Hristov, TCMIS, Volume 3, April 2026, Article 10073

The Laplace transform of the density (174) is [36, 37]

L [Eα,α (x)] =

∞
∫

0

e−sxxα−1Eα,α (−xα) ds =
1

1 + sα
= fα (s) , |sα| < 1 (175)

where fα (s) is completely monotone (and fα (0) = 1 ) and therefore it is a probability distribution
function [36].

The Mittag-Leffler distribution is associated with the Mittag-Leffler process Xα (t), t > 0 [36,
39, 40] where the Laplace transform is L [Xα (t)] =

1
1+sα , s > 0, and it obeys the following

distribution [38]

Gα
t (x) =

∞
∑

k=0

(−1)k
Γ (t+ k)xα(t+k)

k!Γ (t) Γ (1 + α (t+ k))
, x > 0 (176)

For t = 1, then, Gα
t (x) reduces to Gα

x (x), as well as for α = 1, i.e., G1
1 (x) recovers the Gamma

distribution [38].

9.4. Appendix C: Another candidate function-Properties

9.4.1. Lambert kernel function

The Lambert function appears as a singular kernel 1
eαt−1 in the Lambert transform (WL [f(t)])

for some suitable functions f (t) [44], namely

WLS [f(t)] ⇒ F (α) =

∞
∫

0

f (t)
1

eαt − 1
dt, x > 0 (177)

In 1958, Goldberg [47] considered transforms with a kernel expressed as (see also [48])

1

eαt − 1
≈

∞
∑

k=1

bke
−kαtdt, α > 0 (178)

where bk is a fairly general class of real numbers.

Following Widder [44], the Lambert function can be presented as a series
∞
∑

k=1

bkα
k

1− αk
(179)

and the integral analog of the transform is [44]

F (α) =

∫ ∞

0

b(t)

eαt − 1
dt ⇒ F (α) =

∫ ∞

0

1

eαt − 1
db(t) (180)

where the second definition is its Stieltjes version is [44],

Since the kernel is singular for t = 0, the change of variables [44] αtb (t) = a (t) and db (t) = αtb (t)
yields a continuous (non-singular) kernel ( WLN denotes Lambert-Widder transform with non-
singular kernel [49]) , namely

αt

eαt − 1
⇒ WLN =

∫ ∞

0

αt

eαt − 1
f(t)dt (181)

The kernel is bounded because for any α > 0

lim
t→0+

(

αt

eαt − 1

)

= 1 (182)
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[61] H. Yépez-Mart́ınez, J.F. Gómez-Aguilar “A new modified definition of Caputo–Fabrizio
fractional-order derivative and their applications to the Multi Step Homotopy Analysis
Method (MHAM)”, Journal of Comp. Appl. Math., vol.346, pp.247-260, 2019. https://
doi.org/10.1016/j.cam.2018.07.023

[62] D. Avci and A. Yetim, ”Analytical solutions to the advection-diffusion equation with the
Atangana-Baleanu derivative over a finite domain”, J. BAUN Inst. Sci. Technol., vol.20,
pp.382-395, 2018. https://doi.org/10.25092/baunfbed.487074.

[63] I.A. Mirza, M.S. Akram, N.A, Shah, W. Imtiaz and J.D. Chung, “Analytical solutions to
the advection-diffusion equation with Atangana-Baleanu time-fractional derivative and a
concentrated loading”, Alexandria Eng. J., vol.60, pp.1199-1208, 2021. https://doi.org/
10.1016/j.a1199-1208ej.2020.10.043.

[64] D. Avci and A., Yetim, “Analysis of advective–diffusive transport phenomena modelled via
non-singular Mittag-Leffler kernel”, Mathematical Modelling of Natural Phenomena, vol.14,
309, 2019. https://doi.org/10.1051/mmnp/2019011.

[65] J. Hristov , “The fading memory formalism with Mittag-Leffler-type kernels as a gener-
ator of non-local operators”, Appl.Sci., vol.13, 3065, 2023. https://doi.org/10.3390/

app13053065.
[66] J. Hristov , “The integrals of fractional operators with non-singular kernels: a concep-

tual approach, formulations, and normalization functions”, Prog. Frac. Diff. Appl., vol.10,
pp.627-662, 2024. https://doi.org/10.18576/pfda/100409.

[67] N. Kyurkchiev and S. Markov, “Sigmoidal functions: Some computational and modeling
aspects”, Biomath Commun., vol.1, pp.1-19, 2014. http://dx.doi.org/10.1145/j.bmc.
2015.03.81.

[68] B. Sendov, Hausdorff Approximations, Boston: Kluwer, 1990.
[69] M. Concezzi and R.Spigler, “Some analytical and numerical properties of the Mittag-Leffler

functions”, Frac. Calc. Appl. Anal., vol.18, pp.64-94, 2015. https://doi.org/doi:10.

1515/fca-2015-0006.
[70] K. Diethelm, N.J. Ford and A.D., Freed, “Detailed error analysis for a fractional Adams

method “, Numer. Algorithms, vol.1, pp.31-52, 2004. https://doi.org/10.1023/B:NUMA.
0000027736.85078.be.

[71] R. Gorenflo, J. Loutchko and Y. Luchko, “Computation of the Mittag-Leffler function and
its derivatives”, Frac. Calc. Appl. Anal., vol.5, pp.491–518, 2002 .

[72] H.J. Seybold, R. Hilfer, “Numerical algorithm for calculating the generalized Mittag-Leffler
function”, SIAM J. Numer.Anal., vol.47, pp.69–88. 2008. https://doi.org/10.1137/

070700280.
[73] R. Garrappa, M. Popolizio, “ Evaluation of generalized Mittag-Leffler functions on

the real line, Adv. Comp. Math., vol.39, pp.205–225, 2013. https://doi.org/10.1007/
s10444-012-9274-z.

[74] R. Garrappa, “Numerical evaluation of two and three parameter Mittag-Leffler func-
tions”, SIAM J. Numer. Anal., vol.53, pp.1350-—1369, 2015. https://doi.org/10.1137/
140971191.
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